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Abstract

Nearly all succinct proof systems express computations as algebraic constraints over a finite
field. Operations not native to this field, such as bitwise manipulation, modular arithmetic, and
lattice-ring operations, require an arithmetization step that can inflate the witness size by one
or more orders of magnitude.

We introduce Universal Constraint Systems (UCS) and Zinc+. The first is a relation that can
express the above constraints with minimal overhead. The second is a framework for building
SNARKs for UCS. Concretely, UCS consists of algebraic constraints and ideal membership
predicates over multiple polynomial rings simultaneously, such as Fq[X],Q[X],Z[X], etc.

Zinc+ SNARKs are built from 1) a PIOP for UCS, and 2) a hash-based IOPP for multilinear
polynomials over R = Q[X] or R = Fq[X]. For 1), we provide a general compiler that takes
standard finite-field PIOPs and turns them into a PIOP for UCS. The IOPP in 2) depends on
R: for R = Fq[X], we construct it via a black-box lift of any existing IOPP for Fq, and for
R = Q[X], we present a novel tensor IOPP design, instantiated with the new code family below.

We introduce Integer Pseudo-Reed Solomon (IPRS) codes, a new family of MDS codes over
Q and Q[X]. While not Reed-Solomon codes, these codes have optimal MDS relative minimal
distance, support efficient FFT-based encoding, and have bounded norm growth when encoding
(unlike a naïve lift of Reed-Solomon codes to the integers).

Our unoptimized, open-source, implementation proves 7 SHA-256 compressions followed by
the multi-scalar multiplication (MSM) part of an ECDSA verification (the bulk of the work),
with the following performance, benchmarked on a MacBook Air M4:

Prover time: 40.6 ms, Verifier time: 7.0 ms, Proof size: 198 KB.
Zinc+ can be instantiated end-to-end or as a lightweight extension to any existing hash-based
SNARK over Fq.
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1 Introduction

A Succinct Non-interactive ARgument of Knowledge (SNARK) for a relation REL is a non-interactive
protocol that enables a prover, P, to convince a verifier, V, that they know a witness, w, such that
(x;w) ∈ R, for a given public input x, and where communication and verifier runtime are sublinear
(i.e. the scheme is succinct).

In most cases, SNARKs support relations REL defined as a system of polynomial equations over
a finite field F (e.g. R1CS, CCS, AIR, Plonkish, or lookups). In that case we say that REL is an
algebraic relation over F and that the SNARK is native over F. Such SNARKs have experienced
remarkable performance improvements over the past years.

Algebraic relations over F are expressive enough to capture essentially any computation of in-
terest, even those involving operations across multiple domains not native to F, such as bitwise
manipulation, elliptic-curve arithmetic, non-prime-power modular arithmetic, and lattice-ring op-
erations, often within a single computation (e.g., hashing followed by signature verification). The
standard approach, called arithmetization, encodes the target relation REL′ one wishes to prove (not
natively expressed over F) into an algebraic relation REL over F: one designs a public encoding Ψ
such that knowledge of a witness w with (Ψ(x′),w) ∈ REL guarantees knowledge of a witness w′
with (x′;w′) ∈ REL′, and uses a SNARK for REL to prove the encoded statement.

The problem is that arithmetization typically inflates the witness by up to one or more orders of
magnitude [Gar+25; GWHD25; BFKTWZ24; OKMZ25; DP25]: the encoded witness is much larger
than the original. Since SNARK performance depends primarily on witness size, this overhead has
a deleterious effect on prover time, proof size, and verifier time. Beyond performance, non-native
arithmetization introduces two further challenges:

1) Need for expert arithmetization. Designing efficient and correct arithmetizations over a finite
field is challenging both conceptually and in terms of implementation [Pai+23; Wen+24]. Generic
tools such as zkVMs [BCTV14; GPR21; AST24] hide this complexity from application developers
by introducing a layer of indirection: the computation is first compiled into VM cycles (e.g., RISC-
V instructions), which are then arithmetized by the proving backend. However, this incurs a double
arithmetization overhead: first from compiling the computation into VM cycles, and then from
arithmetizing those cycles into a finite-field relation. This double overhead is not inherent to the
zkVM paradigm: one could design zkVMs whose underlying proof system avoids arithmetization
overhead. We envision the present work as a step in this direction.

2) Correctness and auditability. The gap between the original computation and its arithme-
tized form makes the final proof system harder to audit and more prone to bugs, e.g., due to
underconstrained systems.

In this work, we introduce Zinc+, a framework that largely eliminates this overhead by ex-
pressing constraints directly over polynomial rings R[X] with ideal membership predicates, making
operations such as bitwise manipulation, rotation, and modular arithmetic native rather than em-
ulated. Zinc+ supports constraints over Q[X] (and hence Z[X] and Z) and multiple rings Fqi [X]
simultaneously, compiles them to finite-field satisfiability using any existing finite-field PIOP, and
provides hash-based IOPPs for polynomial-ring witnesses. It can be instantiated end-to-end or as
a lightweight extension to existing hash-based SNARKs.

1.1 Contributions

The contributions of this work are:
Universal Constraint System. A new arithmetization framework, called Universal Constraint
System (UCS), that generalizes R1CS, CCS, AIR, and lookup constraints to support constraint do-
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mains over Q[X] (hence Z[X], Z) and multiple polynomial rings Fqi [X] (hence Fqi) simultaneously,
with ideal membership predicates of the form Q(x,w) ∈ (g) over any of these rings. As shown in
Table 1, UCS captures a wide range of practical computations with low arithmetization overhead.

PIOPs for UCS. The Zinc+ PIOP compiler presents a framework for building PIOPs for the UCS
relation. It takes as input a standard PIOP for a corresponding finite-field relation and extends it
to support the UCS relation. We show the resulting PIOP preserves the round-by-round knowledge
soundness of the input PIOP.

PCSs/IOPPs for polynomial rings. Zip+ provides a framework and concrete instantiation for
building hash-based polynomial commitment schemes over Q[X] and Fq[X]. At its core is an IOP
of Proximity (IOPP) for linear error-correcting codes over Q, Q[X], and Fq[X], which we show is
round-by-round knowledge sound. The PCS/IOPP enables proving MLE evaluation claims either
over Q[X] or Fq[X], or over finite field projections of these.

MDS codes over Q and Q[X]. We present a novel family of linear error-correcting codes over Q
(and Q[X]) called Integer Pseudo-Reed Solomon (IPRS) codes. IPRS codes are, to our knowledge,
the first codes over Q combining MDS, efficientO(n log n) encoding, and bounded coefficient growth.

Concrete arithmetizations. We arithmetize SHA-256 hashing followed by ECDSA signature
verification, as a UCS instance. This is an AIR-like constraint system with a trace of 29 rows and
19 witness columns. Further, for the SHA-256 part, all constraints are linear, except for lookup
constraints posed over the trace columns.

Instantiation, implementation, and benchmarks. We instantiate and implement our frame-
work (github.com/NethermindEth/zinc-plus/tree/main-beta), obtaining a SNARK. We bench-
mark its performance for proving the SHA-256 + the Multi Scalar Multiplication part of ECDSA.
The experiments were run on a MacBook Air M4, targeting 100 bits of security. We provide a
highlight of the results below.

Zinc+ on 7x SHA-256 + ECDSA MSM Time / Size
Prover time 40.6 ms
Verifier time 7.0 ms
Proof size 198 KB

The proof is not zero knowledge. For the ECDSA part, the circuit proves the multi-scalar
multiplication of ECDSA, which is the bulk of the signature verification1. This will be expanded
in future repository updates. See Sections 2.5 and 9 for details.

Lightweight instantiation. We propose a lightweight instantiation of our framework, which we
call the Zinc+ add-on, that, while not as “optimal” as a full Zinc+ instantiation, can be added
with minimal overlap to existing hash-based SNARKs over finite fields Fq, allowing such SNARKs
to prove UCS statements over Fq[X], including ideal membership predicates. As demonstrated in
Sections 1.1.1 and 2.1, this is sufficient to express computations such as classic hashes, with minimal
arithmetization overhead.

Other contributions: PCS or IOPP over Z, and Mutual Correlated Agreement (MCA)
for linear codes over Q up to the 1.5 Johnson bound. Combining our IOPPs (or PCS) for

1The rest of the proof would entail proving two multiplications modulo n, i.e. u1 · s = e and u2 · s = r modulo n,
and int(Rx) = r mod n, for n the secp256k1 curve prime order, where int denotes integer representative in the range
[0, p− 1], cgf. Section 8.3.
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Q with any lookup PIOP (by, for example, instantiating our Zinc+ framework) for a range within
Z immediately provides an IOPP (or PCS) over Z. This applies as well to Q[X] and Z[X].

We also show that all linear codes over Q have MCA up to the 1.5 Johnson bound, by adapting
the proof of [Zei24] for finite fields to Q.

Below we elaborate on most of the above contributions. Fig. 1 shows how they fit together.

Fq

PIOP
Black-box lift
(Constr. 5.9)

PIOP for
Fq-constraints,
with projected

Q[X],Fq [X] oracles

Zinc+
PIOR

(Alg. 1)
UCS
PIOP

PIOP-to-IOP
compilation
(Thm. B.2)

UCS
IOP

BCS-style
transform

[BMNW25]
UCS

SNARK

Zip+
(Alg. 4)

IPRS codes
(Defn. 7.1)

Fq codes

IOPPs for polynomial evaluation
over Q[X] and Fq [X]

(or projections thereof)

Figure 1: Architecture of the Zinc+ framework. The top row shows the commitment infrastructure from IPRS codes
to IOPPs for batched evaluation of multilinear polynomials over Q[X] and Fq[X]. The bottom row shows the PIOP
pipeline from finite-field PIOPs to a PIOP for UCS. Finally, we use our compiler to combine the PIOP and IOPPs
into an IOP for UCS, which is then compiled into a SNARK for UCS in the ROM by a BCS-style transformation.

Computation Z/2wZ Bit Fq F2w Z/nZ Z or Q Rlatt

Cryptographic primitives
Classic hashes (SHA, etc.) X X
AES / symmetric encr. X X X
Elliptic curve crypt. X
Lattice crypt. X X
RSA crypt. X

Applications
zkVMs / CPU emulation X X X
zkID X X X X
Blockchain transactions X X X
TLS (AEAD) X X X X
Proof recursion (classic hash) X X X X
Hash-to-curve X X X
FHE X X X
Machine learning X
Finance X

Table 1: Common computations and the types of arithmetic they require. Columns named with a ring R refer to
“addition and multiplication in R”. The Bit column refers to operations such as XOR, AND, rotations, shifts, etc.
For an integer m ≥ 1, Z/mZ denotes integers modulo m (where composite m is relevant in RSA cryptography and
lattices, FHE, etc.). Further, Fq is a finite field (often prime); F2w denotes fields of size 2w; and Rlatt denotes rings
relevant to lattice-based cryptography such as cyclotomic rings Z[X]/(Xn + 1).

zkID refers to performing a classic hash followed by a signature verification with, e.g. ECDSA or RSA. Proof
recursion refers to proving acceptance of a SNARK verifier in a context where the original proof system uses classic
hashes (due to Fiat-Shamir or Merkle tree commitments); it has Z/nZ checkmarked as it sometimes requires using
different moduli, e.g. in IVC recursion [KST22]. Hash-to-curve refers to algorithms that iteratively perform hashes
and check membership of points on an elliptic curve. zkVMs may use so-called precompiles/builtins to perform
computations such as ECDSA verification. In this case they also involve prime field arithmetic.
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1.1.1 Universal Constraint Systems (UCS)

We propose a new arithmetization framework that can succinctly express many computations of
interest (namely, at least those captured in Table 1), with low arithmetization overhead. Concretely,
we design a relation RELUCS called Universal Constraint System (UCS) that efficiently encapsulates
said computations. See Section 2.1 and Definition 4.1.

UCS is a generalization of constraints such as R1CS, CCS, AIR, lookups, etc., along three axes:

Domains and algebraic form. UCS can express algebraic constraints such as R1CS, AIR [Sta21],
M3 [Irr26], lookups, etc. simultaneously over different rings such as Q (rationals), Z (integers), Fq
(prime or prime power fields), and, importantly, polynomial rings such as Q[X],Z[X],Fq[X].

Ideal membership constraints. Typically, an algebraic constraint has the form Q(b,x,w) =
0 ∀b ∈ {0, 1}µ, where Q is a polynomial expression on an index b ∈ {0, 1}µ2, and on the input
x and witness w. When writing constraints over polynomial rings Q[X],Fq[X], UCS also allows
more general constraints of the form Q(b,x,w) ∈ I, where I is an ideal of Q[X] or Fq[X]. We call
the latter an ideal membership constraint.

As we will see, the usage of ideals allows us to capture operations such as rotation of bitstrings
(through membership in the ideal (Xw − 1) generated by Xw − 1), relating bitstrings and integers
(through membership in (X − 2)), constraints over multiple rings and fields (through membership
in the kernel of the projection of Z[X] onto the ring), etc. We provide some examples next. See
also Sections 2.1, 4.1 and 8.
Bitstrings and integers. A polynomial ring R[X] with R ∈ {Q,Fq} can be used to represent bit-
strings: e.g. we can represent strings of, say, 32 bits as polynomials of degree < 32 with binary
coefficients. We denote the latter set by {0, 1}<32[X].

We can now relate bitstrings from {0, 1}<32[X] and integers from [0 .. 232− 1] through the ideal
membership constraint

â(X)− c ∈ (X − 2), â(X) ∈ {0, 1}<32[X], c ∈ [0 .. 232 − 1], over R[X].

This forces â to be the binary representation (in polynomial form) of the integer c.
Rotation. The constraint

b̂(X)−X · â(X) ∈ (X32 − 1), â(X), b̂(X) ∈ {0, 1}<32[X], over R[X],

enforces that b̂ is the left rotation of â by one bit.
Hamming weight. The constraint

â(X)− c ∈ (X − 1), â(X) ∈ {0, 1}<32[X], c ∈ Z, over R[X].

states that the Hamming weight of â(X) is c.
Ring arithmetic. We can express constraints in most rings of interest, e.g. cyclotomic rings, through
ideal membership constraints in Z[X].

Witnesses over Z,Z[X] and shareability among different domains. As mentioned, UCS can
express constraints over different rings and fields in the same instance. Accordingly, different parts
of the witness are typed in different rings, e.g. a witness w may consist of three vectors f0, f1, f2
with f0 having entries in Z[X] and f1, f2 having entries in finite fields Fq1 ,Fq2 (or in polynomial
rings Fqi [X]). UCS then allows us to use the vector f0 in constraints over Z[X], Fq1 , and Fq2

2A univariate framework would also be possible, but we do not describe it in this work.
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simultaneously. In the latter two, f0 is projected onto Fqi via a canonical projection ψi : Z[X]→ Fqi
(the ring Z[X] homomorphically projects onto any finite field, not necessarily prime).

This way, in the above example, UCS expresses constraints over Z[X] involving the witness f0,
and constraints over Fqi involving ψi(f0) and fi, for both i = 1, 2.

Additionally, one may, for example, express modular arithmetic modulo any integer n over
Z and Z[X] by adding a term of the form n · u for some extra witness variable u (see the next
example)3.
XOR, rotation, and squaring modulo 232. As a final example, let φ2 : Z[X]→ F2[X] be the projec-
tion of Z[X] onto F2[X] consisting of reducing coefficients modulo 2. Then for â(X), b̂(X), ĉ(X) ∈
{0, 1}<32[X], the constraint

ĉ = â XOR (â2 mod 232),

can be expressed as 
â(X), b̂(X), ĉ(X) ∈ {0, 1}<32[X] ⊆ Z[X], u ∈ Z,
b̂(X)− â(X)2 − 232 · u ∈ (X − 2), over Z[X],

φ2(ĉ(X))− φ2(â(X))− φ2(b̂(X)) = 0 over F2[X],

see Sections 2.1 and 8 for a formal treatment.

Instantiations. The UCS constraint is highly flexible. One can instantiate it over multiple
rings simultaneously, leveraging integer, polynomial ring, and finite field arithmetic simultaneously.
Alternatively, for example, one could only use constraints over Fq[X], leveraging only the ideal-
membership predicate. In this latter case, the scheme does not work with integer constraints
whatsoever and is easily incorporable into any hash-based proving stack over Fq. When instantiated
this way, we call the resulting scheme the Zinc+ add-on. We describe this further in Section 1.1.3.

1.1.2 Zinc+ PIOP framework

Our framework for constructing PIOPs for UCS takes an existing PIOP ΠF over a finite field and
applies a compilation step to turn ΠF into a PIOP for UCS. We illustrate how this works at a high
level next.

For the sake of argument, say we have an R1CS-like ideal membership constraint over R[X],
where R ∈ {Q,Z,Fq}:

Q(b0) ∈ I ∀ b0 ∈ {0, 1},

Q(b0) =

(∑
b

Ã(b0,b) · z̃(b)

)
·

(∑
b

B̃(b0,b) · z̃(b)

)
−

(∑
b

C̃(b0,b) · z̃(b)

)
(1)

where A,B,C are R1CS matrices with entries in R[X] (typically in R), z = (x,w) is a vector with
entries in R[X], and ·̃ denotes multilinear extension (MLE). Note that z̃ is a multilinear polynomial
whose coefficients are polynomials in R[X].

In simple terms, the Zinc+ PIOP compiler works as follows:

Step 1: Sending oracles over R[X]. The prover sends an oracle [[z̃]] to z̃. For simplicity, we
assume the verifier can compute evaluation claims on Ã, B̃, C̃, instead of only having oracle access
to them.

3This can also be performed over Fq and Fq[X]. In Section 4.1 we discuss tradeoffs between working over Z[X]
and Fq[X].
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Step 2: Reducing ideal membership to a strict equality over Fq̃[X]. When R = Q (or
Z), the verifier first samples a random Ω(λ)-bit prime q0 and both parties project all coefficients
modulo q0 via φq0 , bringing the constraint from Q[X] into Fq0 [X] (we set q̃ = q0). When R = Fq,
the constraint is embedded into Fq̃[X] for a sufficiently large extension Fq̃ of Fq. After this ring
projection, all constraints are over Fq̃[X].

Now, if the constraint were a strict equality Q(b0) = 0 ∀ b0 ∈ {0, 1}µ, the standard procedure
would be to replace it with Q̃(ξ) = 0 for a random point ξ. For ideal membership, Zinc+ proceeds
similarly: the prover sends e ∈ Fq̃[X], supposedly Q̃(ξ), the verifier checks e ∈ I, and the constraint
is replaced by the strict equality

Q̃(ξ)− e = 0 over Fq̃[X]. (2)

Step 3: From Fq̃[X] to Fq̃. The verifier samples a ← Fq̃ and evaluates (2) at X = a via the
evaluation map ψa : Fq̃[X]→ Fq̃, yielding a strict equality over Fq̃:

ψa(Q̃(ξ))− ψa(e) = 0 over Fq̃.

ψa(Q̃(ξ)) =

(∑
b

ψ̃a(A)(ψa(ξ),b) · ψ̃a(z)(b)

)
·

(∑
b

ψ̃a(B)(ψa(ξ),b) · ψ̃a(z)(b)

)

−

(∑
b

ψ̃a(C)(ψa(ξ),b) · ψ̃a(z)(b)

) (3)

Step 4: Finite-field PIOP. The resulting constraint (3) is a standard algebraic equality over
Fq̃, with input-witness vector ψa(z), proved using any suitable finite-field PIOP ΠFq̃

. The prover’s
oracle [[z̃]] supports projected-evaluation queries directly: a query at β ∈ Fνq̃ returns ψ̃a(z)(β) ∈ Fq̃,
the value ΠFq̃

expects from a finite-field oracle. When R = Q, ψa may be undefined on some entry
of z (in which case ψ̃a(z) is shorthand rather than a true polynomial); the oracle returns ⊥ in that
case and the verifier rejects (Definition 5.3 more precisely defines the projected oracles we use).

Bit-size and degree bounds. Our PIOPs support witnesses with entries in R<d,B[X], i.e.,
polynomials of degree < d with R-coefficients of bit-size < B. The PCS must ensure these bounds
are approximately satisfied; see Remark 2.17 for details.

1.1.3 Zinc+ add-on

When instantiated with only Fq[X]-constraints (no Q[X]-constraints), the Zinc+ compiler simplifies
considerably: the ring projection in Step 2 reduces to the canonical embedding ιq̃ (or is trivial
when q is already large), and no prime projection or well-definedness concerns arise. We call this
lightweight instantiation the Zinc+ add-on. It extends any existing hash-based SNARK ΠFq over
Fq with the ability to prove algebraic and ideal membership constraints over (F<dq [X]), requiring
only Steps 2 and 3 at the PIOP level and an interleaved commitment at the PCS level, with no
modifications to existing components.

The advantage is that arithmetizing over (F<dq [X]) leads to substantially more compact repre-
sentations of computations involving bitwise operations, modular arithmetic, and similar primitives.
For instance, when q is a prime with over 40 bits, a SHA-256 compression can be arithmetized with
a 64× 13 witness trace over (F<32

q [X]) using only linear constraints and lookup constraints on the
trace columns. The main cost overhead comes from committing to the witness, which effectively
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amounts to committing to a vector of size n · d over Fq (e.g., n · 32 for SHA-256); the rest of the
PIOP operates on the much smaller trace. See Section 2.2 for further discussion.

1.1.4 Zip+

We construct IOPs of Proximity (IOPPs) for proving evaluation claims such as ψ̃(z)(β) = c,
resulting from the last step of the Zinc+ PIOP.

In short, these IOPPs allow one to commit to multilinear polynomials f̃ with coefficients in
R<d,B[X], where R<d,B[X] denotes the set of polynomials of degree less than d and coefficients in
R of bit-size < B. Additionally, the IOPP allows one to prove evaluation claims over R[X] or under
a projection map ψ as in the last step of the Zinc+ PIOP.

The IOPP uses at its core an IOPP ΠIOPP
R with the same functionality over R instead of over

R[X]. Concretely, given f̃ with coefficients in R<d,B[X], we write

f̃ =

d−1∑
i=0

f̃i ·Xi

for some multilinear polynomials f̃i with coefficients in R<B, i.e. the set of elements from R of
bit-size < B. We further note that

ψ̃(f)(β) =

d−1∑
i=0

ψ̃(f)i · a
i

Now, at a high level, to commit to f̃ , our IOPP batch-commits to f̃0, . . . , f̃d−1 with ΠIOPP
R . To prove

the evaluation claim ψ̃(f)(β) = c, the prover publishes claims ψ̃(f)i(β) = ci, the verifier checks∑
i=0..d−1 ci · ai = c in Fq′ , and the prover and verifier use ΠIOPP

R to batch-prove the evaluation
claims ψ̃(f)i(β) = ci, i = 0..d− 1.

When R is a finite field Fq, ΠIOPP
R can be any IOPP over Fq, preferably with good batching

capabilities and with capacity to prove evaluation claims over extensions of Fq.
When R = Q, we use our own IOPP over Q, which we call Zip+ (Section 2.4). We also use the

name Zip+ for the IOPP over Q[X]. Zip+ is similar to its predecessor Zip [Gar+25; GWHD25], in
that it is a modern version of the Brakedown/Ligero PCS [GLSTW23; AHIV17] over Q. The main
improvements are: 1) the so-called test and evaluation phases are merged into one, 2) support for
batched commitments and evaluation claim proving, 3) support for distance parameters up to the
Mutual Correlated Agreement (MCA) bound of the underlying code (Definition 3.3).

Another crucial difference between Zip+ and Zip is the linear code used to instantiate it, namely
Integer Pseudo Reed-Solomon (IPRS) codes, as discussed next.

See Section 2.5 for benchmarks of Zip+ (Table 4).

Soft range checks and bit-size checks in Zip and Zip+. Recall that, when R = Q, our PCS
and IOPP must enforce that the coefficients of the committed f̃ have bit size at most poly(B).
Thus, we ensure that this is enforced during our batching step, followed by our ΠIOPP

Q IOPP.

1.1.5 Integer Pseudo Reed–Solomon (IPRS) codes

We introduce a new linear code over the field of rational numbers Q and over the ring of integers
Z, which we call Integer Pseudo Reed–Solomon (IPRS) code (Section 2.3), and which we believe
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is of independent interest. This code is not a Reed–Solomon (RS) code, but it presents similar
characteristics, namely it is minimum distance separable and admits an efficient FFT encoding
process. Additionally, IPRS codes do not blow up the bit-size of encoded messages, as we explain
below.

Our IOPP and multilinear PCS Zip+ relies at its core on linear error-correcting codes over
Q. As with other code-based IOPPs, the performance of Zip+ is heavily influenced by both the
minimum distance of the underlying code and the efficiency of its encoding. Additionally, when
working over Q, one also needs to ensure that the bit-size of the codewords does not blow up
compared to the bit-size of the messages.

IPRS codes in a nutshell When working over small fields, Reed-Solomon (RS) codes are a
natural choice as the underlying code. These codes have optimal minimum distance and support
efficient FFT-based encoding. One could try to use RS codes over Q or Z as well — for example, by
naively defining RS codes over Q as the set of vectors obtained by evaluating low-degree polynomials
on integer points. However, for practical code dimensions, the bit-size of the entries of the resulting
codewords would be in the thousands or even millions, which would result in an inefficient IOPP.
Alternatively, one could “lift” a standard RS code RS[Fq, n, k] from a small field Fq onto Q by
looking at the Vandermonde generating matrix of RS[Fq, n, k] as an integer matrix with entries in
{0, . . . , q − 1}, and defining the lifted code as the set of rational linear combinations of the rows of
this matrix. However, this code does not seem to have an efficient FFT encoding.

IPRS codes constitute a middle ground between the two aforementioned RS-based constructions.
In short, they are obtained by “lifting” to Q the FFT encoding algorithm for a standard RS code
over a small field Fq. Concretely, we fix such an FFT algorithm over Fq (by specifying its radix,
twiddle factors, depth, etc.), and then we look at its twiddle factors and other constants as integers
from {−(q − 1)/2, . . . , (q − 1)/2}, and perform the FFT algorithm over Q, without performing
modular reduction. The IPRS code is defined as the set of vectors obtained by applying such a
lifted FFT algorithm. In the technical overview (Section 2.3) we further discuss the performance
and properties of these codes.

Vector length 28 210 212 214 216 218

[0 .. 232 − 1] 37.7 µs 72.4 µs 213.2 µs 585.7 µs 2.83 ms 15.04 ms
{0, 1}<32[X] 266.9 µs 552.3 µs 2.44 ms 8.42 ms 31.84 ms 176.85 ms

Table 2: Benchmark for encoding vectors of various lengths using IPRS codes on a MacBook Air M4 16GB,
multithreaded. Vectors contain either 32-bit integers, or binary polynomials of degree < 32.

RAA and JEA codes. Non-RS-based codes such as RAA and JEA codes [BFKTWZ24; BCFRRZ25]
can be defined over Q and Z without bit-size blowup issues and with efficient encoding. However,
their proved minimum distance is significantly smaller than the optimum MDS distance of RS codes
and our IPRS codes. Thus, these codes could be a good fit when proof size is not a priority. There
is also the possibility that RAA or JEA codes over Q (and over large fields) have much better min-
imum distance than what is currently proved . In that case, they could become a good alternative
to our IPRS codes in Zip+.
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1.2 Related work

SNARKs and PCSs for integer constraints: Zartan[CH24], [BHRRS21; BF22] Zinc[Gar+25;
GWHD25], Zinc+, and Qāren [SSPP26]. Zinc [Gar+25; GWHD25] presents a framework for
building proof systems for constraints over Z or Q and introduces a hash-based PCS for polynomials
with coefficients in Q, built with a tensor IOPP similar to the one in Brakedown [GLSTW23].

Our work improves upon [Gar+25; GWHD25] in the following ways. (1) Our UCS constraints
widely generalize Zinc’s, which is restricted to constraints over Z and Q, by additionally supporting
multiple finite fields, polynomial rings R[X], and ideal-membership predicates. (2) We design
a PIOP framework for these more general constraints. Additionally, we prove round-by-round
knowledge soundness, allowing for Fiat-Shamir compilation. (3) Our IOPP Zip+ is an improvement
to the PCS from [Gar+25; GWHD25] in that it supports polynomials over a wide range of rings
and fields (as opposed to only Q), can handle proximity parameters up to the MCA bound of the
underlying code (Definition 3.3) (this greatly helps reduce proof size and verifier time), merges
the so-called “test” and “evaluate” phases into one, is proved to be round-by-round knowledge
sound, and has batching capabilities. (4) We improve upon the underlying linear code with our
IPRS codes. (5) We demonstrate the practicality of our approach with our implementation and
evaluation.

Zartan [CH24] builds SNARKs over Z by compiling so-called mod-AHPs (roughly, a PIOP
that has integer polynomials as oracles but makes checks modulo a random prime) with a PCS
for integral polynomials based on hidden-order groups [BHRRS21; BF22]. We adopt the idea
from [CH24] of working modulo a random prime, but replace the hidden-order-group PCS with a
hash-based PCS (Zip+), thereby avoiding the applicability issues and the stronger cryptographic
assumptions that hidden-order-group commitments require. Moreover, as in the comparison with
Zinc [Gar+25; GWHD25], our scheme works with constraint systems that are substantially more
expressive than Zartan’s.

The concurrent work Qāren [SSPP26] provides a compiler that takes an arbitrary PCS for mul-
tilinear polynomials over a finite field Fp, and outputs a so-called relaxed mod-PCS for multilinear
polynomials over Q. A relaxed mod-PCS is a PCS that allows proving evaluation claims modulo
a prime, and whose extractor outputs polynomials with rational coefficients. While of theoretical
interest, the construction seems impractical (the paper does not provide time costs) when com-
pared to our Zip+, because, to commit to, say, a vector v ∈ Zn of integers of B bits each, Qāren
essentially requires committing to at least the vector v′ ∈ {0, 1}n·B of the bit decomposition of the
entries of v, with the underlying finite field PCS (further, Qāren requires committing to several
vectors of this type). In terms of practicality, we do believe that Qāren may be a good fit for
committing to our vectors with entries in {0, 1}<32[X]. We leave this as future work.

Binary-field SNARKs. Binius [DP25; DP24] is a series of SNARKs for relations over binary
fields F2k . Binary fields are more friendly to bitstring operations than prime fields. For example,
bitwise XOR can be modeled as addition in F2k . However, AND, rotation, and modular-2w arith-
metic remain non-native in binary fields. Despite this, Binius achieves significant improvements
on computations involving all said operations, when compared to prime-field SNARKs [Fou]. We
believe this is in part due to F2k being more amenable to some of these operations, and due to the
pay-per-bit capacity of Binius’ IOPP.

Proof systems over rings. There are a number of works describing SNARKs over different
types of specific rings, such as cyclotomic rings [BS23], Galois rings [HMZ25; WZD25; GNS23],
and abstract rings with large exceptional sets [BCS21; ACCDE22; Sor22]. [LXY24; BBMRS21;
BBMS22] provide approaches for proving statements modulo 2n based on VOLE techniques, but

11



yield non-succinct schemes. Unlike our work, none of these approaches support the wide range of
rings and fields that we can handle with our framework, including constraints over Z and Z[X]. The
recent works FREPack [SZ25] and Swirl [Con26] treat the problem of allowing different constraint
domains within the same proof system.

Applications. In this work we discuss the example of SHA-256 hashing followed by ECDSA
signature verification. Two recent approaches to this, which additionally include document parsing,
are [Fs24; KS25]. As future work, we plan to include document parsing in our arithmetizations and
compare our scheme with these approaches.
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2 Technical Overview
We now provide a high-level technical explanation of the main contributions of this work.

2.1 Universal Constraint Systems (UCS)

The goal of this section is to illustrate a constraint system that can express many computations of
practical interest with almost no arithmetization overhead. The key question once this system is
defined is whether it can be efficiently handled in proof systems. This is answered positively later
in the subsequent sections.

2.1.1 Basic notation

We first introduce some notation, see Section 3 for more background. We let R denote either a
finite field F, or Z or Q. Further background can be found in Section 3. Given a ring or field R,
we write

R<d,B[X] = {polynomials of degree less than d with coefficients in R of bit-size at most B}

When R is a finite field, we often drop B and write R<d[X], understanding there is no bound on
the bitsize of coefficients. Note that R<1[X] = R.

Given w ≥ 1 we let [0 .. 2w − 1] denote the set of integers {0, . . . , 2w − 1}. We define the set of
so-called bit-polynomials of degree < w as

{0, 1}<w[X] :=
{w−1∑
i=0

biX
i
∣∣∣ bi ∈ {0, 1}} ⊆ R[X]. (4)

When R is Z,Q or a finite field of large enough characteristic, the set {0, 1}<w[X] is in bijective
correspondence with [0 .. 2w − 1] via the evaluation map

ψ2 : R[X]→ R defined by ψ2(û(X)) := û(2).
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Looking ahead, we note that ψ2 is the canonical surjective ring homomorphism R[X] � R[X]/(X−
2) ∼= R (this will be relevant later when designing our constraint system). Here, (X − 2) denotes
the ideal generated by X − 2 in the ring R[X].

We emphasize that, when R 6= F2, {0, 1}<w[X] is not the set F<w2 [X]. For example, if R = Q,
then adding the elements (1 +X2), (1 +X +X2) ∈ {0, 1}<w[X] results in 2 +X + 2X2, while in
F<w2 [X] we have (1 +X2) + (1 +X +X2) = X.

2.1.2 Using R = Q or R = Z, correct typing of witnesses

Q vs Z for the typing of witnesses For most applications, we naturally want to arithmetize
either over F[X] or over Z[X], and usually never over Q[X], i.e. we want to use witnesses with
entries in F[X] or Z[X] (or F, Z). However, throughout the text, we mostly only consider R = F
or R = Q. The reason is technical, but important: our IOPPs and PCSs work exclusively over
fields or over polynomial rings over fields. This excludes Z and Z[X]. In particular, our IOPP/PCS
extractors output witnesses with entries in F,F[X],Q, or Q[X]. We then, when desired, enforce
integrality by lookup-constraining the relevant witness elements to belong to Z or Z[X].

In other words, the typing F,F[X],Q,Q[X] for witness elements is enforced by our
IOPP/PCS, while the typing Z,Z[X] is enforced by lookup constraints, which are
proved as part of our PIOP. We refer to the technical overview of [Gar+25; GWHD25] for a
thorough discussion of this design strategy.

We remark that, for all applications we have encountered, most integrality lookup-constraints
are subsumed by other constraints placed on the witness. See Section 2.1.3 for an example.

2.1.3 Motivating example: Simultaneous bitstring operations and arithmetic mod 2w

To describe and motivate our arithmetization framework we focus on two running examples. The
first one has the following function f at its core. Let r ∈ [w− 1] be a rotation parameter. Let R be
either Q or a finite field F of large enough characteristic. Let n ∈ [0 .. 2w] be an integer, possibly
non-prime. Now define

f : [0 .. 2w − 1] ⊆ R→ [0 .. 2w − 1] ⊆ R,
x 7→ (x2 mod n) XOR ROTRr(x), (5)

where XOR is the bitwise exclusive or (XOR) operation and ROTRr is right rotation by r bits
(see Section 3 for formal definitions). We extend these operations to the set {0, 1}<w[X] ⊆ R[X]
by applying them coefficient wise. In the definition of f (Eq. (5)), the expression x2 mod n means
that x is understood as an integer in [0 .. 2w − 1], squared, and then the canonical representative of
x2 modulo 2w in [0, n− 1] is returned.

We think of f as a proxy for some of the subroutines in computations such as classic hashing,
CPU and zkVM instructions, zkID authentication systems, TLS, etc. See Table 1. For example,
the Σ0 subroutine in SHA-256 is defined by the function

Σ0(x) := ROTR2(x) XOR ROTR13(x) XOR ROTR22(x),

and is called by
T2(a, b, c) := Σ0(a) +Maj(a, b, c) (mod 2w),

where Maj, like Σ0, operates bitwise. See Section 8.2 for details on SHA-256.
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Given a number of iterations n ≥ 1, our goal is to design a proof system for the relation RELf
defined as

RELf =

(x;w)

∣∣∣∣∣∣∣
x = (u1, un) ∈ [0 .. 2w − 1]2,

w = (u2, . . . , un−1) ∈ [0 .. 2w − 1]n−2,

ut+1 = f(ut) for all t ∈ [n− 1]

 . (6)

Before diving into arithmetizing RELf , we make a series of observations about the operations used
by the function f , which will motivate our arithmetization framework.

XOR and AND For any û, v̂ ∈ {0, 1}<w[X] ⊆ R[X] , the following identity holds in Z[X]:

û+ v̂ = (û XOR v̂) + 2 · (û AND v̂) in R[X], (7)

The converse also holds: if û, v̂, ẑ, ŵ ∈ {0, 1}<w[X] satisfy û+v̂ = ẑ+2·ŵ in R[X], then ẑ = û XOR v̂
and ŵ = û AND v̂. Both directions follow from the fact that b+ b′ = (b XOR b′) + 2 (b AND b′) for
any two b, b′ ∈ {0, 1}, applied coefficient-wise.

Hence, informally speaking, provided the witness elements belong to {0, 1}<w[X], the iden-
tity (7) arithmetizes both XOR and AND over R[X] simultaneously.

A further consequence of (7) is that, when R = Q, for any û, v̂, ẑ ∈ {0, 1}<w[X],

ẑ = û XOR v̂ ⇐⇒ φ2(ẑ) = φ2(û) + φ2(v̂), (8)

where
φ2 : Z[X]→ F2[X]

denotes the map applying coefficient-wise reduction modulo 2 to a given integer polynomial.
In summary, one can expose the XOR of two elements of {0, 1}<w[X] either via a single equality

over R[X] (which additionally yields the AND) or through addition modulo 2 (only when R = Q).
We leverage both approaches in our arithmetization of SHA-256.

Looking ahead, our constraint system will allow us to take projections modulo a prime of witness
vectors with entries typed in Q[X].

Rotation through ideal membership For any û ∈ {0, 1}<w[X] ⊆ R[X], the following ideal-
membership relation holds in R[X]:

ROTRr(û)−Xw−r · û ∈ (Xw − 1). (9)

where (Xw − 1) denotes the ideal in R[X] generated by the polynomial Xw − 1. Conversely,
for any two û, v̂ ∈ {0, 1}<w[X], if v̂ − Xw−r · û ∈ (Xw − 1) then v̂ = ROTRr(û) (Lemma 8.8).
Hence rotation for elements in {0, 1}<w[X] can be enforced by the ideal-membership predicate
v̂ −Xw−rû ∈ (Xw − 1).

Mixing XOR and rotation Assume R = Q. Given elements û, v̂, ẑ ∈ {0, 1}<w[X] ⊆ R[X], we
want to arithmetize the constraint ẑ = û XOR ROTRr(v̂). To do so, observe that as long as û, v̂, ẑ
belong to {0, 1}<w[X], the following equivalence holds:

ẑ = û XOR ROTRr(v̂) ⇐⇒ φ2(û) + φ2(v̂) ·Xw−r − φ2(ẑ) ∈ (Xw − 1) in F2[X]. (10)

We sketch why the converse direction of the equivalence holds; see Lemma 8.9 for a full
argument. Assume û, v̂, ẑ ∈ {0, 1}<w[X] satisfy the right-hand side of (10) in F2[X]. Write
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φ2(v̂) · Xw−r = α̂ + (Xw − 1) · β̂ with α̂ ∈ F2[X] of degree less than w, and β̂ ∈ F2[X]. Let
ŷ ∈ {0, 1}<w[X] ⊆ Z[X] be such that φ2(ŷ) = α̂. Then the right-hand side of Eq. (10) implies that
φ2(û)+φ2(ŷ)−φ2(ẑ) ∈ (Xw− 1) in F2[X]. Since û, ẑ ∈ {0, 1}<w[X], all elements in the right-hand
side of this expression have degree less than w. Hence φ2(û) + φ2(ŷ) − φ2(ẑ) = 0 in F2[X]. Since
also ŷ ∈ {0, 1}<w[X], it follows that ẑ = û XOR ŷ in Z[X] (cf. Eq. (10)). Finally, we have seen
that φ2(v̂) ·Xw−r − φ2(ŷ) ∈ (Xw − 1) in F2[X]. By Eq. (9), ŷ = ROTRr(v̂) in Z[X]. This proves
Eq. (10)

The equivalence in (10) can be generalized to more complex expressions involving several XORs
and rotations. It is particularly useful for arithmetizing some inner functions of SHA-256 and
related hashes and ciphers.

When R = Fq, or if one does not wish to use the projection φ2 one can also perform a similar
arithmetization through

ẑ = û XOR ROTRr(v̂)

⇐⇒ û+ v̂ ·Xw−r − ẑ − 2 · ŷ ∈ (Xw − 1) in R[X], for some ŷ ∈ {0, 1}<w[X].
(11)

In this case, ŷ is in fact û AND ROTRr(v̂).

Linking bit-polynomials to integers It is often convenient to move between bit-string repre-
sentations (as a binary polynomial, i.e. an element from {0, 1}<w[X]) to the integer represented by
the bitstring. For example, say one has written several constraints as in the previous examples,
involving elements from {0, 1}<w[X], and has encoded several bit-wise operations. One may want
to turn the output of some of these operations into integer form, and continue operating with the
resulting integers under, say, modular integer arithmetic modulo 2w.

To do so, we arithmetize the bijection ψ2 : {0, 1}<w[X]→ [0 .. 2w − 1] by observing that, given
v̂ ∈ {0, 1}<w[X], u ∈ [0 .. 2w − 1], we have

u = ψ2(v̂) ⇐⇒ v̂ − u ∈ (X − 2) over R[X].

To quickly see why, for the reader familiar with commutative algebra, note ideal membership
effectively is equivalent to equality in the quotient R[X]/(X−2). The natural projection onto that
quotient is precisely ψ2, i.e. the map that replaces X by 2. An alternative argument is as follows: if
v̂−u ∈ (X − 2), then v̂ = u+(X − 2) · q̂ over R[X], for some polynomial q̂(X) ∈ R[X]. Evaluating
ψ2 on both sides gives ψ2(v̂) = ψ2(u) + 0 · q̂(X) = u. The converse follows similarly.

Squaring modulo an arbitrary integer n We would now like to, given û, v̂ ∈ {0, 1}<w[X] ⊆
R[X], express the constraint that the integer represented by v̂, i.e. ψ2(v̂), is the square of the
integer represented by û, i.e. ψ2(û), modulo an arbitrary integer n. We can do so by observing the
following:

ψ2(v̂) = ψ2(û)
2 mod n ⇐⇒ v̂ − û2 + n · µ ∈ (X − 2) in R[X], (12)

for some µ ∈ R. If R is a field extension of a prime field Fq0 , then we must require |µ| ≤ |ψ2(v̂)−
ψ2(û)

2|/n as integers.
The justification for (12) is similar to that of the previous example, with the added observation

that two integers are congruent modulo n if and only if their difference is a multiple of n, assuming
R = Q or the characteristic q0 of R = Fq is large enough in terms of ψ2(v̂), ψ2(û) (and, implicitly,
µ). Concretely, in the latter case R = Fq, assume there exists µ ∈ R such that v̂(X)−û(X)2+n·µ ∈
(X−2) in R[X]. Then v̂(X)− û(X)2+n ·µ vanishes at X = 2, so v̂(2)− û(2)2+n ·µ = 0 in R. Since
v̂(2), û(2)2, n all belong to the base prime subfield Fq0 ⊆ Fq, we have q0 divides v̂(2)− û(2)2 + n · µ
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as integers. Because we assumed q0 is large enough, this means v̂(2)− û(2)2 +n ·µ = 0 as integers,
which implies ψ2(v̂) = ψ2(û)

2 mod n. The forward direction is analogous.
A similar approach arithmetizes other algebraic modular operations.

Remark 2.1 (Lookup or typing constraints). In all examples above, the typing of elements is
crucial. I.e. most of the ideal membership constraints described above lose their intended effect if one
does not pair them with lookup or typing constraints, e.g. the constraint (12) must be accompanied
by the lookup constraints v̂, û ∈ {0, 1}<w[X] and µ ∈ Z. Because of this, our arithmetizations in
practice consist mostly of algebraic constraints (strict equalities or ideal membership), plus lookup
constraints to enforce correct typing of the witness entries.

In practice, lookup constraints are proved as part of our PIOPs. In particular, these constraints
are projected onto a random finite field F′ and proved with standard lookup PIOP over F′. Every-
thing regarding the lookup, including chunk decomposition and chunk commitments, multiplicity
commitments, etc., is done entirely over F′.

Arithmetization of RELf We now put together a full arithmetization for the relation RELf .
Recall that each application of the function f computes

ut+1 =
(
u2t mod n

)
XOR ROTRr

(
ut
)
,

and t ranges from 1 to n−1. For simplicity we assume R = Q, see Remark 2.2 for comments about
R = F.

Witness. For each step t ∈ [n−1] we introduce three witness elements ût, v̂t, and µt. For convenience
here, we think of the witness as a n×3 matrix, or trace4. The following table describes each witness
element, its intended meaning, and the set where it is constrained to belong.

Entry Intended meaning Lookup constraint
ût bit-polynomial representation of ut at step t ∈ {0, 1}<w[X] ⊆ Q[X]
v̂t bit-polynomial representation of (ut)2 mod n ∈ {0, 1}<w[X] ⊆ Q[X]
µt the quotient such that vt = u2t + µt · n ∈ Z (cf. Section 2.1.2)

Constraints. For each step t ∈ [n− 1] we impose two constraints.

1. Squaring modulo n. For each t ∈ [n− 1] we impose v̂t − û2t + n · µt ∈ (X − 2) in Q[X]. By
Eq. (12), this forces vt ≡ u2t mod n.

2. XOR and rotation. For each t ∈ [n − 1] we impose φ2
(
ût+1

)
− φ2

(
v̂t
)
− Xw−r · φ2

(
ût
)
∈

(Xw − 1) in F2[X]. By (10), this constraint enforces that ût+1 = v̂t XOR ROTRr(ût).

Constraints also include the lookup constraints described in the table above. We omit boundary
constraints for brevity.

Remark 2.2 (Arithmetization over F[X]). One can arithmetize RELf over F[X], rather than over
Z[X], if the characteristic of F is large enough. The arithmetization is exactly the same, except
that one must place appropriate range constraints on the witness elements µt.

4This is just for convenience; our definition of UCS can but does not restrict to working with traces and AIR-like
systems.
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The reader may appreciate the proposed arithmetization as being both conceptually simple
and small (in the sense of it requiring a small number of constraints given the relation sought to
arithmetize). The question now is whether such arithmetization is useful in practice, i.e. whether
it can be efficiently handled by proof systems. One of the main contributions of this work is to
show that the answer is yes. We outline why and how in the next sections of the present technical
overview.

2.1.4 Virtual access to bit-rotation, shift, etc.

It is possible to, given a vector v ∈ {0, 1}<w[X]n ⊆ R<w[X], gain access to the MLE mle[ROTRc(v)]
of the entry-wise rotation ROTRc(v) of v, from access to mle[v]. Concretely, if v = (vi)i∈[n], then
ROTRc(v) = (ROTRc(vi))i∈[n]. This applies as well to other operations such as SHIFT, and in fact
to any operation T that can be modeled as a linear R-module map T : R<w[X] → R<w[X], as
shown in the following result.

Lemma 2.3 (R-linear coordinatewise maps commute with MLE). Let R be a commutative ring,
w ≥ 1, and let T : R<w[X] → R<w[X] be an R-module homomorphism, i.e. a map such that
T (f(X)+g(X)) = T (f(X))+T (g(X)) and T (r ·f(X)) = r ·T (f(X)) for all f(X), g(X) ∈ R<w[X]
and r ∈ R. For any µ ≥ 0, any vector v = (vb)b∈{0,1}µ ∈ (R<w[X])2

µ, and any evaluation point
r ∈ Rµ,

T̃ (v)(r) = T
(
ṽ(r)

)
in R<w[X], (13)

where T (v) := (T (vb))b∈{0,1}µ.

Proof. By definition, ṽ(r) =
∑

b∈{0,1}µ ẽq(b; r) · vb ∈ R<w[X]. Applying T and using R-linearity,

T
(
ṽ(r)

)
=

∑
b∈{0,1}µ

ẽq(b; r) · T (vb) = T̃ (v)(r).

Lemma 2.3 allows in practice to enable virtual access to the MLE of entry-wise rotations and
shifts of witness vectors. For example, one could modify the arithmetization from the previous
Section 2.1.3 as follows. There, the XORrotation constraint reads

φ2(ût+1)− φ2(v̂t)−Xw−r · φ2(ût) ∈ (Xw − 1) in F2[X],

where the rotation ROTRr(ût) is encoded indirectly as the multiplication Xw−r · φ2(ût) modulo
(Xw − 1). Using the lemma, this can be replaced by the equivalent equality

φ2(ût+1)− φ2(v̂t)− φ2
(
ROTRr(ût)

)
= 0 in F2[X],

where ROTRr(ût) is now treated as a virtual column obtained from the committed column ût.
In some scenarios it can be preferable to keep the ideal-membership constraint approach from

Section 2.1.3. For example, in our SHA-256 arithmetization we keep the ideal-based approach, to
save on the number of virtual columns used by the prover. On the other hand, we do leverage the
above lemma to enable virtual access to SHIFT operations.
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2.1.5 Further examples

We highlight other applications of constraints expressed over polynomial rings R[X] and ideal
membership in R[X].

• Lattice-based operations. Constraints in, for example, cyclotomic ringsR = (Z/nZ)[X]/(Φ(X))
can be enforced through ideal-membership predicates over Q[X] (or Fn[X] if n is a prime), where
the ideal is (Φ(X)).
Compared to arithmetizations over the cyclotomic ring itself, this approach has the following
advantages: 1) witnesses are typed in Q[X] (or Fn[X]) rather than in the cyclotomic ring, and
this allows, at the PCS level,to avoid the hurdles brought when working over rings with zero
divisors (e.g. necessity of large exceptional sets). 2) parts of the witness can be used (perhaps
after projecting them modulo some different integer) and used in additional constraints unrelated
to lattice-based computations.

• Hamming weight. For any û ∈ {0, 1}<w[X], let wt(û) denote the number of nonzero coeffi-
cients of û. Then, given c ∈ Q we have that wt(û) = c ⇐⇒ û − c ∈ (X − 1) in Q[X]. This is
because evaluation at X = 1 sums coefficients.

2.1.6 Universal Constraint Systems (UCS)

We now introduce the relation we use for our arithmetization. We call it the Universal Constraint
System (UCS) relation RELUCS. We present it in a wide general form. In practice, we envision
practitioners using simpler subsets of it, e.g. the AIR-like version described in Section 8.1, called
Universal AIR with lookups (UAIR+).

A UCS instance is specified by an index i that fixes a witness-vector length m, a number of
rows n (acting as witness vector lengths), a tuple of prime powers q = (q1, . . . , q|q|), a bit-size
bound B, degree bounds d = (d0, . . . , d|q|), and a set of constraints C described below.

Witness The witness consists of |q| + 1 vectors f0, . . . , f|q|, each of length m. The vectors are
typed5 as

f0 ∈
(
Q<d0,B[X]

)m
, fi ∈

(
F<diqi [X]

)m
for all i ∈ [|q|],

where, recall, R<d,B[X] denotes the set of polynomials of degree < d with coefficients in R, of
bit-length less than B (when R is a field, we drop the bit bound and allow coefficients in all R).
The entries of the witness vectors are thus polynomials themselves. In particular, the multilinear
extension (MLE) (cf. Section 3.1) of fi is a multilinear polynomial whose coefficients lie in Q[X]
or Fqi [X]—that is, a polynomial whose coefficients are polynomials. Regarding why f0 is typed in
Q<d0,B[X] rather than Z<d0,B[X], see Section 2.1.2 above.

See Remark 2.6 for a discussion of the bit and degree bounds, why they are important, and how
they are proved.

Public input The public input is a vector y ∈ (Q<d0,B[X])`.
5This typing is proved by the IOPP/PCS. For the PIOP side, we assume malicious provers respect this typing.
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Constraints Each constraint in C is a tuple (Q, I), where Q is a polynomial with coefficients
either in Q or F<diqi [X] for some i ∈ [|q|], and I is an ideal of Q[X] or Fqi [X], respectively. In the
first case we say (Q, I) is a Q[X]-constraint. Such constraint is satisfied if and only if

Q(k,y, f0) ∈ I for every k ∈ [n], over Q[X]. (14)

so, in particular, Q is a polynomial on enough variables to be evaluated (k,y, f0).

Example: For example, if using for R1CS-like type constraints, (14) could take the following form:

Q(k,y, f0) = ∑
b∈{0,1}µ

Ã(k,b) · z̃(b)

 ·
 ∑

b∈{0,1}µ
B̃(k,b) · z̃(b)

− ∑
b∈{0,1}µ

C̃(k,b) · z̃(b) ∈ I over Q[X],

for all k ∈ [n], where z = (y, f0), A,B,C are R1CS matrices with integer entries, ·̃ denotes
multilinear extension, and k above is interpreted as an element of a suitable hypercube.

In the later case, i.e. when the constraint domain is Fqi [X], then we say (Q, I) is a Fqi [X]-
constraint. It is satisfied if and only if

Q(k, φqi(y), φqi(f0), fi) ∈ I for every k ∈ [n], over Fqi [X], (15)

where, recall, φqi denotes (coefficient-wise) reduction modulo qi (and if qi is a power of a prime q′i,
then φqi = φ′qi). Hence, in this latter, case, the constraint is exactly the same as in (14) but over
Fqi [X], and with f0, y also being part of the constraint, modulo qi (or q′i). See Remark 2.5 for a
short comment on having φqi(f0), φqi(y) be well-defined.

Overall, the relation RELUCS consists of all triples (i,x;w) such that, for every constraint
(Q, I) ∈ C and every row k ∈ [n], the following holds:

Q(k,y, f0) ∈ I over Q[X] if (Q, I) is a Q[X]-constraint,
Q(k, φqi(y), φqi(f0), fi) ∈ I over Fqi [X] if (Q, I) is a Fqi [X]-constraint, i ∈ [|q|].

Remark 2.4 (Shared witness principle). The witness f0 acts as a shared witness across differ-
ent modular arithmetic. This allowed in Eq. (5) to have a single bit-polynomial column û ∈
{0, 1}<w[X] ⊂ Q[X] simultaneously to participate in a squaring of integers modulo some integer,
and in XOR operations expressed as additions modulo 2.

The formal definition of UCS is given in Definition 4.1. When restricted to a single finite field
and the zero ideal, UCS subsumes standard constraint systems—R1CS, AIR, CCS, Plonkish, and
lookup constraints—as special cases (cf. Sections 4.2 and 4.2.2).

After Definition 4.1 we give a detailed discussion of the design choices behind the definition of
UCS, and further technical observations about the definition.

2.1.7 Miscellaneous remarks on the definition of UCS

We end the section with a series of comments on the definition of UCS.

Remark 2.5 (Well-defined projections of f0 and y ). In the UCS definition, we also require that the
reductions φqi(f0), φqi(y) are well-defined. Namely, we ask that f0 and y have entries in Z<d0,B(qi)

[X],
where, in short, Z(qi) is the subring of Q formed by rationals whose denominator is not divisible by
qi (see Section 3.1).
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In practice, this requirement is usually subsumed by the lookup or typing constraints on f0 and
y. E.g., in our arithmetization of RELf , the witness f0 contains bit-polynomial entries, which are
polynomials with integer coefficients, and so belong to Z(qi) for any prime or prime power qi.

Remark 2.6 (Bit bounds and degree bounds). Observe that the entries of f0, fi are required to have
degree less than d0, di and, in the first case, coefficients of bit-length less than B, where B, d0, di
are public parameters fixed by the index i. These bounds are crucial to guarantee the soundness
of our PIOP, as reflected in the evaluation bounds of Section 5.1 and the field-size hypotheses
of Theorem 5.13. The bounds are enforced by our IOPP/PCS, and soundness of the PIOP is
proved against attackers respecting these bounds. See Section 2.1.2 for more comments on what is
delegated to the IOPP/PCS.

In fact, and this is technical, the bit-bound B is only proved by the IOPP in a soft manner,
in the sense that the IOPP guarantees polynomially larger bit-bounds B′ = poly(B), instead of
strictly B, with B′ > B. See Remark 2.17 for a discussion of how this is handled when compiling
our PIOPs with our PCSs.

In another direction of comment: having publicly fixed bounds means in particular that our
proof system allows to prove knowledge of a witness within publicly specified bit-size B and de-
gree bounds d. In all practical applications we consider, these bounds arise naturally and can be
computed by any party (including the verifier), for any witness an honest prover may use: e.g.,
B = 64 and d = 32 suffices for SHA-256. Exceptions may be found in computations with groups of
unknown order or integer-based math problems. In any case, a prover can always publish bounds
B, d satisfied by its witness, and prover and verifier can use these as parameters. When looking to
add zero-knowledgeness to our system, this strategy would need to be revisited, since the bounds
leak information about the witness. Note that our schemes are not zero-knowledge in any case. We
leave zero-knowledgeness as future work.

Remark 2.7 (More generality). The definition of UCS admits several natural straightforward
more general variants. E.g. 1) one could split each witness vector fi into several vectors, each typed
in the same polynomial ring (one would do that to split the whole witness into chunks/columns,
and commit to each column separately), 2) we could allow for different witness lengths among
f0, . . . , f|q|, 3) each domain Q[X],Fqi [X] could have its own public input, rather than having one
single public input y typed in Q[X], etc.

Remark 2.8 (Virtual columns). The definition of UCS can be extended to include virtual witness
vectors. These are vectors u that are not part of the witness vectors w but that can be derived from
w through either 1) a linear transformation of the vectors in w; 2) an R-module homomorphism
T : R<d[X] → R<d[X] as in Lemma 2.3 (e.g. entry-wise bit-rotation or entry-wise bit-shift of a
vector with entries in R<d[X]). In practice, virtual witnesses are not committed, and the verifier
gains access to their MLE’s in a “virtual” manner through its access to the MLE’s of the committed
witness vectors.

Them being a standard tool, we do not include virtual witnesses in our formalization for the
sake of brevity, but we do use them in our implementation and arithmetizations from Section 8.

2.2 Zinc+: building PIOPs for UCS from PIOPs over finite fields

We now describe how the Zinc+ compiler turns PIOPs over finite fields into a PIOP for UCS. For
clarity, we present a simplified version restricted to UCS instances with R[X]-constraints for a single
R ∈ {Q,Fq} (q prime) and a single constraint ideal of degree ≥ 1 (the most interesting case; the
zero ideal reduces to a standard equality check). The general case, which handles Q[X]-constraints
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and multiple Fqi [X]-constraint rings (for prime-power qi), each presenting constraints with respect
to multiple ideals (zero and proper), is treated in Section 5.

The compiler first has the prover send an oracle to the multilinear extension of the witness.
Three reduction steps then transform the R[X]-constraint into a finite-field constraint: (1) ring
projection projects constraints to ideal claims over a prime-power field Fq̃[X]; (2) ideal batch-
ing collapses the ideal-membership checks across all rows into a single strict polynomial identity
over Fq̃[X]; (3) evaluation projection evaluates this identity at a random field element a ∈ Fq̃,
yielding a strict equality over Fq̃. Steps 1–3 constitute a polynomial interactive oracle reduction
(PIOR) from UCS to finite-field satisfiability; a standard finite-field PIOP then proves the result-
ing constraint, with oracle queries to the R[X]-witness handled by the functionality of the oracles
(enabled later by our IOPP), cf. Remark 2.9.

The Zinc+ add-on. When R = Fq (no Q[X]-constraints), the compiler simplifies considerably:
Step 1 reduces to the canonical embedding ιq̃ (or is trivial when q is already large), and no prime
projection or well-definedness concerns arise. We call this lightweight instantiation the Zinc+ add-
on. It extends any existing hash-based SNARK over Fq with the ability to prove ideal membership
constraints over (F<dq [X]), requiring only Steps 2 and 3 at the PIOP level and an interleaved
commitment at the PCS level, with no modifications to existing components. The reader interested
primarily in the add-on may follow the R = Fq case through each step below.

2.2.1 Projections from polynomial rings to finite fields

Since Q and Fq are fields, the polynomial rings Q[X] and Fq[X] are principal ideal domains: ev-
ery ideal is principal, and every nonzero ideal is generated by a unique monic polynomial (cf.
Section 3.1).

For a prime q0, the prime projection

φq0 : Z(q0)[X]→ Fq0 [X], f 7→ f mod q0,

reduces each coefficient modulo q0, where a/b ∈ Z(q0) maps to a · b−1 mod q0. For any field F and
a ∈ F, the evaluation map

ψa : F[X]→ F, f 7→ f(a),

evaluates a polynomial at a. Both are surjective ring homomorphisms. When R = Q, their
composition ψq0,a := ψa ◦ φq0 : Z(q0)[X]→ Fq0 maps f 7→ φq0(f)(a).

2.2.2 UCS constraints and sending oracles

An R[X]-constraint in UCS takes the form

Q(k,y, f) ∈ (g), for all rows k ∈ [n], over R[X], (16)

where g ∈ R[X] is a monic polynomial of degree ≥ 1 generating the constraint ideal, Q is a
polynomial with coefficients in R on the row variable k, y ∈ (R<d,B[X])` is a public input, and
f ∈ (R<d,B[X])m is a witness. We identify [n] with {0, 1}µ where n = 2µ.

The prover sends an oracle [[f̃ ]] to the multilinear extension of f .

Remark 2.9 (Correct typing of f and evaluation functionality). We assume the entries of f belong
to (R<d,B[X]): polynomials of degree < d in X with R-coefficients (and, when R = Q, of bit-size
< B).
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We further assume the oracle [[f̃ ]] exposes the following functionality: let ψ be a projection
homomorphism ψ : R[X] → F′ as in Section 2.1.1, for R ∈ {Q,F} and F′ a finite field. Then [[f̃ ]]
allows the verifier to query evaluations of ψ(f̃) on any chosen point β with entries in F′. If R = Q
and ψ(f̃) is not well defined, then the oracle returns ⊥.

Definition 5.3 formalizes this oracle type. All the above functionality is free in the PIOP
soundness model; enforcing it is delegated to the PCS or IOPP. See Remarks 2.6 and 2.17 for
details.

2.2.3 Step 1: Projecting to Fq̃[X]

This step projects or embeds the R[X]-constraints into a polynomial ring Fq̃[X] of sufficient size
for the soundness of future steps, and also for the soundness of this projection itself in the R = Q
case below.
R = Q. The verifier samples a random Ω(λ)-bit prime q0 and sets q̃ = q0. Both parties replace the
constraint (16) by

φq0(Q)(b, φq0(y), φq0(f)) ∈ (φq0(g)) ∀b ∈ {0, 1}µ

over Fq0 [X]. Since g is monic, φq0(g) is well-defined and has the same degree as g, so the projected
ideal (φq0(g)) is non-trivial. The projection preserves ideal membership: if f = g · h in Q[X] and
f, g ∈ Z(q0)[X], then h ∈ Z(q0)[X] (since g is monic), so φq0(f) = φq0(g) · φq0(h) ∈ (φq0(g)). The
converse can fail, but only with negligible probability over a random Ω(λ)-bit prime q0 (see the
soundness sketch below).

The condition f, g ∈ Z(q0)[X] (i.e., q0 does not divide any denominator) is a completeness
concern. If q0 divides a denominator in the coefficients of y, Q, or g, the verifier detects this
and rejects. If q0 divides a denominator in f , the honest prover cannot compute the projected
witness; this occurs with negligible probability since all coefficients have bounded bit-size (see the
completeness analysis in Section 5.3).
R = Fq. We set q̃ = q` for ` chosen so that |Fq̃| = Ω(2λ) (if q is already large enough, ` = 1 and this
step is trivial). Both parties apply the canonical embedding ιq̃ : Fq ↪→ Fq̃ coefficient-wise to bring
the constraints from Fq[X] into Fq̃[X]. Since ιq̃ is injective, the embedded ideal remains nonzero
and of the same degree. We identify Fq[X] with its image in Fq̃[X] and continue to write Q, y, f ,
g for the same objects viewed in the larger ring.

After this step, all constraints are over Fq̃[X]. When R = Fq with q small, the extension to
Fq̃ provides a field large enough for the Schwartz–Zippel bounds in Steps 2 and 3 to be negligible.
When R = Q, the prime projection is applied before the ideal batching (Step 2), so that the MLE
evaluation in Step 2 operates over Fq̃ rather than Q, avoiding the large bit-sizes that would arise
from computing ẽq(b, r) over Q.

Soundness sketch (R = Q). If Q(b,y, f) /∈ (g) for some b, we claim φq0(Q(b,y, f)) /∈ (φq0(g))
with high probability. Write Q(b,y, f) = g ·h+r via Euclidean division in Q[X], with deg r < deg g
and r 6= 0. Since g is monic, r ∈ Z(q0)[X] for all but negligibly many q0. After projection,
membership in (φq0(g)) requires φq0(r) = 0; since r has bounded coefficients, only polynomially
many primes can cause this (see Lemma A.2).

2.2.4 Step 2: Ideal batching to strict equality constraints

After Step 1, all constraints are over Fq̃[X] (when R = Q, Q, y, f , g below denote φq0(Q), φq0(y),
φq0(f), φq0(g)). The verifier samples r ← (Fq̃)µ. The prover sends e ∈ Fq̃[X], supposedly the
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evaluation
e =

∑
b∈{0,1}µ

Q(b,y, f) · ẽq(b; r) ∈ Fq̃[X].

The verifier checks e ∈ (g) over Fq̃[X]. The constraint is then replaced by the strict equality∑
b∈{0,1}µ

Q(b,Y,Z) · ẽq(b; r)− e = 0 over Fq̃[X]. (17)

This step generalizes the first step of multilinear sumcheck-based PIOPs. Just as one checks
ṽ(r) = 0 (membership in the zero ideal) to test whether all entries of a vector v ∈ (Fq̃[X])n are
zero, here one checks ṽ(r) ∈ (g) to test ideal membership.

Lemma 2.10 (Ideal membership via MLE evaluation; informal version of Lemma 5.1). Let K be
a field, g ∈ K[X] a polynomial with deg g ≥ 1, and v ∈ (K[X])n with n = 2µ. If some entry of v
does not belong to (g), then Prr←Sµ [ṽ(r) ∈ (g)] ≤ µ/|S| for any finite S ⊆ K.

The proof projects onto K[X]/(g) and applies the Schwartz–Zippel lemma; see Lemma 5.1 for
details.

2.2.5 Step 3: Evaluation projection to Fq

The verifier samples a← Fq̃ and evaluates the polynomial identity (17) at X = a, replacing it with∑
b∈{0,1}µ

ψa(Q)(b, ψa(y), ψa(f)) · ẽq(b; r)− ψa(e) = 0 over Fq̃. (18)

Soundness sketch. Let dQ denote the total degree of Q in its algebraic variables (Y,Z). The
left-hand side of (17), evaluated on the witness (y, f), is a polynomial in Fq̃[X] of degree at most
d ·dQ (since each entry of y and f has degree < d in X). If this polynomial is nonzero, evaluating at
a random a ∈ Fq̃ gives zero with probability at most d ·dQ/|Fq̃|, which is negligible for |Fq̃| = Ω(2λ).

2.2.6 Running a finite-field PIOP with projected oracles

The PIOR (Steps 1-3) outputs ψa(y) ∈ (Fq̃)` as the new public input (when R = Q, this means
ψq0,a(y)) and constraint (18) as a standard algebraic equality over Fq̃. Any finite-field PIOP ΠFq̃

for the corresponding constraint type (e.g., R1CS, CCS, or AIR with lookups) can prove it.
Although ΠFq̃

expects Fq̃-polynomial oracles, the prover’s projected oracle [[f̃ ]] already exposes
the right interface: a query at β ∈ Fνq̃ returns ψ̃a(f)(β) ∈ Fq̃, the multilinear extension of the
projected vector ψa(f) evaluated at β. The Zinc+ verifier therefore connects ΠFq̃

directly to [[f̃ ]]
and forwards each response unchanged.

When R = Q, however, ψa is only defined on Z(p)[X], so ψa(f) is undefined when some entry of
f escapes Z(p)[X], and ψ̃a(f) is then just a formal shorthand rather than a well-defined polynomial.
The oracle’s contract is therefore: it returns ψ̃a(f)(β) when the partial projection happens to be
defined at the query, and ⊥ otherwise. The Zinc+ verifier rejects on ⊥. By Theorem 5.5, this
rejection rule detects Q[X] well-definedness violations with overwhelming probability when queries
are uniform.

We compile our PIOP to an IOP, instantiating our polynomial oracles with IOPPs for multilinear
polynomial evaluation over projections of R[X]. When R = Fq, an IOPP for evaluation of multi-
linear polynomials over Fq[X] can be constructed from any IOPP over Fq: writing f̃ =

∑d−1
i=0 f̃i ·Xi
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for multilinear f̃i over Fq, the evaluation claim reduces to d claims over Fq that are batch-verified
by the inner IOPP (see Section 6). When R = Q, we use our dedicated IOPP Zip+, built from
IPRS codes (Section 2.3).

2.2.7 Protocol summary

The three-step PIOR reduces R[X]-constraints to Fq̃-constraints, after which a finite-field PIOP
with projected oracles proves the resulting constraint. In the diagram below, the top row shows
the constraint ring and the bottom row shows the constraint type at each stage.
R[X]
ideal

ring proj.−−−−−−−→
φq0 or ιq̃

Fq̃ [X]
ideal

ideal batch−−−−−−−−→
MLE at r

Fq̃ [X]
equality

eval. proj.−−−−−−−→
ψa

Fq̃

equality
PIOP−−−−−−−−−−→

projected oracles
Accept/Reject

When R = Fq (the Zinc+ add-on), the first arrow simplifies to ιq̃ (or the identity when q is
already large), the prime projection and well-definedness machinery are absent, and the IOPP
reduces to batch evaluation over Fq. The full version, handling Q[X]-constraints and multiple
Fqi [X]-constraint rings (for prime-power qi, with multiple ideals batched separately), is given in
Algorithm 1 (Section 5.3).

2.3 Integer Pseudo Reed Solomon (IPRS) codes

We introduce a new family of integer (or rational) codes, which we call Integer Pseudo Reed–
Solomon (IPRS) codes, and which have optimal distance, i.e. they are Maximum Distance Separable
(MDS). Additionally, IPRS have a practically efficient FFT-like encoding algorithm, and their
codewords do not suffer from large bit-size entry growth (something that can be problematic when
working with integers or rationals, as we discuss below). We believe that IPRS codes are of
independent interest, and may find applications beyond the context of this work.

When witness vectors with entries in Q or Q<d,B[X] are present, our schemes use an IOPP
for linear codes over Q. In this scenario, as with other code-based SNARKs over finite fields, the
efficiency of our final compiled SNARK is highly dependent on the properties of this linear code.
Concretely, prover efficiency is heavily affected by encoding time, and verifier speed and proof size
are affected by the code’s minimum relative distance (or by its Mutual Correlated Agreement error).
In the context of SNARKs working over small fields, Reed–Solomon (RS) codes are a popular choice
for the IOPP due to their optimal distance and efficient encoding via the FFT algorithm. When
working over integers, rationals, or larger finite fields, the options are more limited.

For example, Zinc [Gar+25; GWHD25] used a lifted rational version of Juxtaposed Expand-
Accumulate (JEA) codes over a finite field. While enjoying efficient encoding, the proved minimal
distance of these codes (both for their finite field and integer/rational versions) is significantly lower
than that of RS codes [BFKTWZ24]. RAA codes [BCFRRZ25] are also an intriguing family of
codes that can be easily lifted to Z or Q, and with similar encoding-distance profile as JEA codes.
It is possible that both JEA and RAA have better minimum distance than what is currently proved,
especially over large prime fields or over Q, but this remains open.

Below, given a vector x ∈ Qk, we denote by ‖x‖∞ the norm of x, i.e. ‖x‖∞ = maxi∈[k] |xi|. The
notation extends to sets as well.
Remark 2.11 (Rational code, integer messages). Since a linear code is a linear subspace of a vector
space, we define our codes over Q, and not Z. However, all codes discussed below admit an integer
generator matrix, and so when encoding integer messages, the resulting codeword is integral as
well. In most of our envisioned applications, honest provers only encode integer messages. In this
case, the rational formulation is needed only for the theoretical framework (e.g., our PIOP+IOPP
results, cf. Sections 2.2 and 2.4).
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2.3.1 Two initial attempts

We start by describing two methods by which one could “port” RS codes from finite fields to Q.

Naive RS codes over Q and their codeword bit-size blowout. When looking for codes
over Q or Z, one must account for a fundamental challenge that does not exist over small finite
fields: the code should not create large blowouts in the norm of codewords relative to the norm of
the encoded message. I.e. the ratio

‖Enc(x)‖∞ / ‖x‖∞
should be small for all or almost all messages x, where Enc is an encoding function of the code.
Indeed, large ratios ‖Enc(x)‖∞ / ‖x‖∞ would lead to inefficient encoding, proof sizes, and verifi-
cation. The reason this is a potential problem is that, of course, Q and Z do not enjoy modular
reduction, and thus, as we see next, the relative norm of a codeword can grow exponentially in the
code dimension if the code is not designed carefully.

For example, consider a naive RS code over Q, where codewords are defined simply as vectors
of evaluations of polynomials from Q<k[Y ] over a fixed subset S of Z, i.e. say we define the code as

RSnaive[S, k] = {(f(α))α∈S | f ∈ Q<k[Y ]}. (19)

Even assuming that encoding can be computed efficiently for RSnaive[S, k], the norm ‖Enc(x)‖∞ is
in general on the order of ‖x‖∞ · ‖S‖

k−1
∞ . For practical degrees k, this can lead to codewords having

entries with hundreds of thousands or even millions of bits.

Naive lifts of RS codes over Q. In search of alternatives, we note the following. Let q be a
prime, let Cq ⊆ Fnq be a linear code of dimension k over Fq, and let Mq be a generator matrix of Cq.
Consider the linear subspace of Qn defined as

CQ[M̂q] =
{
M̂q · x

∣∣∣ x ∈ Qk
}
, (20)

where M̂q is the integer matrix obtained by lifting each entry of Mq to an integer representative
(not necessarily in [0 .. q − 1] or in {−(q − 1)/2, . . . , (q − 1)/2}). We call CQ[M̂q] a lift of Cq.

Lemma 2.12 (Lifts of linear codes preserve dimension and distance). Under the notation above,
CQ[M̂q] ⊆ Qn is a linear code over Q (i.e. a linear subspace) of dimension k and minimum distance
at least the minimum distance of Cq.

We defer the proof to Section 7.2. The main idea is that it suffices to study the Hamming
weight of nonzero integer codewords that are not a multiple of q (by clearing denominators and
factoring out powers of q). In that case, the result follows because the Hamming weight can only
decrease when reducing modulo q, and the reduction of such a nonzero codeword remains nonzero
because it is not a multiple of q and due to the full rank of Mq.

In view of Lemma 2.12, one may try to lift any code over Fq to Q. In particular, we could lift
a standard finite field RS code

RS[Fq,L, k] =
{
f(α)α∈L

∣∣∣ f ∈ F<kq [Y ]
}

in this manner, using as generator matrix a Vandermonde matrix Vq with entries reduced modulo
q. Such a matrix has entries bounded by q, and thus the norm of the encoding of a message x ∈ Qk

is at most ‖x‖∞ · q · k.
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However, the code CQ[Vq] does not have, a priori, efficient encoding. The FFT algorithm one
would use in Fq to multiply Vq by a vector is no longer available when this operation is performed
over the integers, where modular reduction cannot be applied. Hence, a priori, encoding time for
CQ[Vq] reaches a prohibitive O(nk).

2.3.2 A middle ground: IPRS codes

We next describe the IPRS construction. Prior to that, we briefly recall how the FFT encoding
algorithm for RS codes over finite fields works. Among others, the algorithm is parameterized by
a choice of radix. Throughout this section we fix the radix to be 2 for simplicity. The definitions
and ideas apply to general radices as well in a straightforward manner. The full IPRS encoder for
arbitrary radices is given in Section 7.

FFT algorithm over Fq, radix 2. Let Fq be a prime field, let n be a power of two dividing q−1
and let ω ∈ Fq be a primitive n-th root of unity. Consider the RS code RS[Fq,L, k] with evaluation
domain L = (1, ω, . . . , ωn−1). The radix-2 FFT algorithm takes as input a message x ∈ Fkq and
outputs the codeword (f(ωj))n−1j=0 , where f(X) =

∑k−1
i=0 xi ·Xi. The algorithm first writes

f(ωj) = f0(ω
2j) + ωj · f1(ω2j), (21)

where f0(X) and f1(X) are polynomials of degree less than k/2, obtained by splitting f into its
even- and odd-indexed coefficients, respectively. Since L2 = {1, ω2, ω4, . . .} is a subgroup of Fq of
order n/2, the evaluations of f0 and f1 on L2, which are codewords from RS[Fq,L2, k/2], can be
computed recursively with the FFT algorithm. Once this is done, the full codeword (f(ωj))n−1j=0 is
assembled using (21).

The recursion stops at a base case, i.e. when the dimension k′ of the current RS code is below
certain threshold. At this point, one computes the vector of evaluations of the corresponding
polynomial f ′ by naively multiplying a Vandermonde matrix by the vector of coefficients of f ′.

We call the number of recursive levels the depth of the algorithm. The elements ωj are called
twiddle factors. We denote the resulting RS encoder by EncRS : Fkq → Fnq .

IPRS codes. We define IPRS codes by “lifting” the FFT algorithm from Fq to Z as follows.
Let x ∈ Qk be the message to be encoded. We identify elements of Fq with their centered integer
representatives via ι : Fq → Z, sending each element to the unique integer in {−(q − 1)/2, . . . , (q −
1)/2} congruent to it modulo q. We then execute the same radix-2 FFT algorithm as EncRS, but with
every twiddle factor ωj replaced by ι(ωj) ∈ Z, every base-case Vandermonde entry b replaced by ι(b),
and the operations from (21) (as well as the base-case Vandermonde matrix-vector multiplication)
are performed over Q (or Z when encoding integer messages) with no modular reduction.

Denote the resulting encoder by EncIPRS : Qk → Qn. Then EncIPRS has the same algorithmic
structure as EncRS but a completely different algebraic significance: EncIPRS no longer computes
evaluations of a polynomial f(X) =

∑k−1
i=0 xiX

i over some set. The output of EncIPRS is a vector
whose entries are, in general, unrelated to integer or rational polynomial evaluations over Q.

Definition 2.13 (Integer Pseudo Reed–Solomon (IPRS) codes). Given a prime q, a field Fq, a
multiplicative subgroup L = (1, ω, . . . , ωn−1) of Fq, a dimension k < n, and an FFT encoding
algorithm for RS[Fq,L, k], the IPRS code is the image of the encoder EncIPRS defined above:

IPRS[Fq,L, k] :=
{
EncIPRS(x) | x ∈ Qk

}
⊆ Qn. (22)

We call Fq the base field of the code.
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Theorem 2.14 (Properties of IPRS codes). The code IPRS[F,L, k] is a linear code over Q of
dimension k, blocklength n, and minimum relative distance δ = 1− k/n+ 1/n. Moreover, for each
x ∈ Qk, the following norm bound holds6:

‖EncIPRS(x)‖∞ ≤ ‖x‖∞ · (q/2)
depth+1 · k.

In our target configurations (cf. Section 2.5), where k ≈ 29, 210, we use q ≈ 216, depth 1–2,
and radix 8, we obtain a relative norm increase of roughly 40–60 bits. This is comparable to what
field-native schemes achieve over 64-bit fields when encoding messages of small norm, and it is far
below the thousands of bits that naive integer RS codes would produce.

We defer the proof of Theorem 2.14 to Section 7.2, where we also state and prove a general-
radix version (Theorem 7.3). At a high level, the proof follows by showing that IPRS[F,L, k] is a
lift of the RS code RS[F,L, k], in the sense of Lemma 2.12, for some specific generator matrix Mq

of RS[F,L, k] (different from the Vandermonde matrix). Then the result follows from Lemma 2.12.
The table below compares IPRS codes with the two naive alternatives described earlier:

Code construction Relative norm growth FFT structure

Integer RS code: RSnaive[S, k], (19) ≤ k · ‖S‖k∞ ?
Lifted Vandermonde matrix: CQ[V̂q], (20) ≤ k · q No
IPRS[Fq,L, k], (22) ≤ (q/2)depth+1 · k Yes

Table 3: Comparison of integer RS-like code constructions. Relative norm growth measures the maximum ratio
‖Enc(x)‖∞ / ‖x‖∞, where x is a message and Enc(x) is its encoding. The dimension of the code is k, and depth
denotes the number of recursive FFT levels used in the encoder defining IPRS[Fq,L, k]. The norm growth in IPRS
codes is most of the time smaller than the displayed bound due to using centered representatives. Regarding FFT
structure for naive integer RS codes, one could consider additive FFTs over arithmetic integer progressions, but the
norm blowout issue persists.

2.3.3 Performance

Table 2 records the performance of IPRS codes in our PoC implementation. Further optimizations
may apply. The IPRS codes use a radix-8 FFT algorithm, with rate 1/2 and depths ranging from 1
to 4. The base fields range from the field with 216+1 elements to the field with 5 ·225+1 elements.

We often use IPRS codes to encode messages whose entries are not just rationals or integers,
but polynomials of up to a certain degree < w, especially polynomials with binary coefficients. As
explained in Sections 2.4 and 6, this latter encoding is done in an interleaved manner, i.e. if the
message v belongs to, say, Q<d0,B[X]k, then we write v =

∑w−1
i=0 vi · Xi with vi ∈ Qk, and the

encoding of v is the vector from Q<d0,B[X]n obtained as EncIPRS(v) =
∑w−1

i=0 EncIPRS(vi) ·Xi.
In our implementation, for the specific case where all entries of v belong to {0, 1}<w[X] for

some w < 64, we represent each entry of v as a u64 type and use SIMD optimizations to compute
EncIPRS(v).

In Table 2 we report results for relatively small message lengths (compared to recent literature
trends) because Zinc+ works naturally with small arithmetization sizes, i.e. with small message
lengths (as demonstrated in our SHA-256 arithmetization and other examples).

Benchmarks are available at https://github.com/NethermindEth/zinc-plus.
6In practice, the norm growth is smaller than the above bound, due to the usage of centered integer representatives.
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2.3.4 Open questions

In Section 7.3 we list some open questions about IPRS codes. We highlight the first one, which asks
whether IPRS codes have the Mutual Correlated Agreement (MCA) property up to the Johnson
bound, as Reed-Solomon codes do [Hab25; BCGM25]. A positive answer would directly improve
proof sizes in our proof system.

2.4 IOPP’s for interleaved codes with Projected Multilinear Evaluation con-
straints

In our PIOPs for the UCS relation, the prover sends oracles with entries in K<d[X], where K is
either a finite field F, or the field of rationls Q. As explained in Section 2.2, the PCS must enable
proving MLE evaluation claims over a finite field K′ obtained from projecting K<d[X] onto K′ via
one of the maps ψ from Section 2.2.1. Further, following Remarks 2.6 and 2.9 when K = Q, the
PCS must guarantee that the entries of the witness have bounded bit-size B and that they are
well-defined under the projection ψ. Concretely, our IOPP instantiates the projected polynomial
oracles described in Section 2.2. We formalize this setting next. In what follows, when K = Q, we
understand K<d[X] to mean Q<d,B[X].

To this end, we design an IOPP that can test the following claim. Let W ∈ (K<d[X])t be the
witness and let k1 and k2 be powers of 2 with k2 · k1 = t. We organize W as a k2 × k1 matrix W
with entries in K<d[X]. Let M ∈ Kk1×n be a generator matrix of a linear code over K, and let

V ∈
(
K<d[X]

)k2×n
be a purported interleaved encoding of W under M . THe verifier receives oracle access to V . Let
z ∈ (K′)µ, where µ = log(k1k2), and let ζ ∈ K′ be an evaluation target. We want an IOPP with
the following two properties:

Completeness. If V is the interleaved encoding of some W ∈
(
K<d[X]

)k2×k1 satisfying ψ̃(W )(z) = ζ,
then the verifier accepts with probability 17.
Soundness. The verifier rejects with high probability if any of the following occur: 1) V is far from
every interleaved encoding of a matrix W ∈

(
K<d[X]

)k2×k1 satisfying ψ̃(W )(z) = ζ,; or 2) if K = Q,
V has entries of bit-size above certain bound poly(B)8, or V has an entry whose projection under
ψ is not well-defined.

The rest of this section gives an overview of such IOPP, which we call Zip+. We build up to
the construction in three steps, providing at each step IOPPs for similar claims as above, but with
different structures and under different types of projections.

We believe each of these intermediate IOPPs are of independent interest.

Non-projected Constraints with Scalar Witness We start with the simplest version of our
IOPP: the case where the witness and its encoding satisfy

W ∈ Kk2×k1 , V ∈ Kk2×n,

(i.e. they do not contain entries in the polynomial ring K[X]) and the constraint is simply of the
form

W̃ (z) = ζ in K, z ∈ Kµ, ζ ∈ K. (23)
7When K = Q, we also ask that W has a well-defined projection under ψ.
8It is enough for our compilation purposes to guarantee bit-size bound below poly(B), and not exactly below B.

See Remark 2.17.
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for some z ∈ Kµ and ζ ∈ K. When K is a finite field, this is a standard setting for IOPPs, and
there are many known constructions for testing proximity to interleaved encodings subject to such
constraints.

We use a Brakedown-style IOPP. Write the evaluation point as z = (z2, z1), where z2 ∈ Klog k2

and z1 ∈ Klog k1 . Define the two vectors

u2 =
(
eq(z2, b)

)
b∈{0,1}log k2

∈ Kk2 , and u1 =
(
eq(z1, b)

)
b∈{0,1}log k1

∈ Kk1 .

Then the multilinear constraint Eq. (23) can be written as the tensor constraint

W̃ (z) = uT2Wu1 = ζ over K. (24)

From here, the prover sends a vector a ∈ Kk2 , which is claimed to equal Wu1, and the verifier
checks whether uT2 a = ζ. If this check passes, the prover and verifier reduce to checking whether
V is close to an encoding of some W satisfying Wu1 = a. This can be done by taking a random
linear combination of the rows of V .

The Brakedown-like approach above is standard in the finite-field case. We now discuss a few
minor additions needed in the case K = Q. First, when K = Q, we extend the Brakedown approach
to handle constraints of the form

φ̃m(W )(z) = ζ in Fm,

where m is a large prime, and for z ∈ Fµm and ζ ∈ Fm. Recall that φm localizes (reduced modulo
m) each entry of W to Fm.

This is handled by a minor adaptation of the approach above. The decomposition in Eq. (24)
is now carried out over Fm rather than over Q, and the prover sends a ∈ Fk2m , which is claimed to
equal φm(W )u1. The check uT2 a = ζ is replaced by uT2 a = ζ mod m, and the proximity claim is
reduced to checking whether V is close to an encoding of some W satisfying φm(W )u1 = a. The
final proximity claim is still handled by taking a random linear combination of the rows of V . This
combination is taken and analyized over K, instead of Fm. In the case K = Q, the analysis of this
final step also requires a new MCA result for linear codes over Q.

The second modification over Q is that we need to ensure that a cheating prover does not use
witnesses with large bitsizes. This check is also handled by the final random linear combination:
the prover is required to send the message underlying the resulting random linear combination of
the rows of V , and this message must have bounded bitsize. Soundness is then ensured by analyzing
the bitsizes of rational vectors under random linear combinations.

Non-projected Constraints with Polynomial Witnesses. Now we move to the case where
the constraint is of the form

W̃ (z) = a, a =
d−1∑
i=0

Xiζ(i) over K[X], z ∈ Kµ.

That is, the multilinear evaluation is applied to a matrix whose entries are polynomials of degree
less than d, and the target value is itself a polynomial of degree less than d.

These constraints are straightforward to handle. Write

W =

d−1∑
i=0

Xi ·W (i) and V =

d−1∑
i=0

Xi · V (i).
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Then we can view the IOPP over K<d[X] as d parallel IOPPs over K, reducing to the scalar-witness
case with non-projected constraints.

Concretely, for each i ∈ {0, . . . , d − 1}, one can test whether V (i) is close to an encoding of a
message W (i) satisfying

W̃ (i)(z) = ζ(i) over K,

together with the rest of the required properties. Using standard random-linear-combination tech-
niques, the verifier can also combine these d checks into a single proximity claim with a multilinear
evaluation constraint over K.

The case K = Fq and ψ projects K[X] to K. In this case, ψ is the homomorphism that
evaluates at X = α for some fixed α ∈ K. Our evaluation constraint has the form

ψ̃(W )(z) = ζ over K, z ∈ Kµ, ζ ∈ K. (25)

We first reduce this projected evaluation constraint to a non-projected tensor constraint, that is,
to a constraint of the type handled in the previous case. We then use an IOPP for the latter. The
details are as follows.

Write the evaluation point as z = (z2, z1), where z2 ∈ Klog k2 and z1 ∈ Klog k1 . Define the two
equality vectors

u2 =
(
eq(z2, b)

)
b∈{0,1}log k2

∈ Kk2 , and u1 =
(
eq(z1, b)

)
b∈{0,1}log k1

∈ Kk1 .

Then (25) can be written as the tensor constraint

ψ̃(W )(z) = uT2 ψ(W )u1 = ζ over K. (26)

The prover now provides a value a ∈ K<d[X], which is claimed to equal uT2Wu1. The verifier checks
that ψ(a) = ζ. The prover and verifier then reduce (25), together with the proximity claim that
V ∈ K<d[X]k2×n is close to an encoding of some W ∈ K<d[X]k2×k1 satisfying (25) (together with
appropriate bit-size bounds and well-definedness properties), to the claim that V is close to an
encoding of some W satisfying

uT2Wu1 = a in K[X],

and the corresponding bit-size and well-definedness properties. This is now a non-projected
tensor constraint, and it can be handled using the method described above.

Strictly speaking, the constraint uT2Wu1 = a is a tensor constraint rather than a multilinear
evaluation constraint. However, IOPPs for multilinear constraints can be adapted to handle tensor
constraints as well; indeed, tensor constraints are a special case of the same general linear-algebraic
structure. It is straightforward to see that the Brakedown-style approach described above extends
to tensor constraints rather than only to multilinear evaluation constraints.

The case K = Q and MLE evaluation constraints are projected onto a finite field.
Assume K = Q and that our MLE evaluation constraint is of the form

ψ̃(W )(z) = ζ over Fq, z ∈ Fµq , ζ ∈ Fq, (27)

where
ψ : Z<d(p)[X]→ Fq
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for some prime p and some extension field Fq of characteristic p, with q = pκ. A naive approach
would be to lift z to a point

zlift ∈
(
{0, . . . , p− 1}<κ[X]

)µ
,

then compute the lifted evaluation W̃ (zlift) over Q[X] and attempt to use the previous techniques.
However, this lifted evaluation is a polynomial over Q whose X-degree grows with κµ. This is
acceptable when κ is 1 or small, and this is what we do in this case.

However, in some applications, however, we expect to use extension fields of high degree, such
as F2128 ; concretely, this arises in scenarios where one arithmetizes constraints over F2[X], as in
Section 8. In this latter case, the naive approach is prohibitively expensive.

To avoid this blowup, we design a separate approach where we first reduce the projected eval-
uation constraint (27) to a tensor constraint

uT2 ψ(W )u1 = ζ over Fq.

We then lift to Q[X] only the tensor vectors u1 and u2. In this way, the lifted tensor evaluation

uT2,liftWu1,lift over Q[X]

has degree less than d+2κ−2, rather than degree growing with κµ. This is much more manageable.
Concretely, the prover and verifier first compute u2 ∈ Fk2q and u1 ∈ Fk1q from the evaluation point
z ∈ Fµq , as described above, so that

uT2 ψ(W )u1 = ψ̃(W )(z) over Fq.

They then lift these vectors to

u1,lift ∈
(
{0, . . . , p− 1}<κ[X]

)k1 , and u2,lift ∈
(
{0, . . . , p− 1}<κ[X]

)k2 .
Specifically, u1,lift and u2,lift are obtained by applying a fixed lift, or section, of ψ to u1 and u2,
respectively. The prover then provides a ∈ Q<d+2κ−2[X], which is claimed to equal

a = uT2,liftWu1,lift over Q[X].

The verifier checks that ψ(a) = ζ over Fq. If this check passes, the prover and verifier reduce to
checking whether V is close to an encoding of some W satisfying

uT2,liftWu1,lift = a, (28)

together with appropriate bit-size bounds and well-definedness properties.
At this point, we are almost in the standard setting of tensor constraints over Q, except for one

remaining issue: the constraint vectors u2,lift and u1,lift have polynomial entries of degree less than
κ, rather than scalar entries. One option would be to reduce this to O(κ) scalar tensor constraints.
Instead, we avoid this overhead by projecting once more.

The verifier samples a random fresh large prime m and a random ξ ∈ Fm. Let

ψm,ξ : Z(m)[X]→ Fm

denote the homomorphism obtained by localizing coefficients to Fm and then evaluating at X = ξ.
Also let

φm(W ) ∈
(
F<dm [X]

)k2×k1
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denote the matrix obtained by localizing only the coefficients of the entries of W modulo m. The
verifier can instead check

ψm,ξ(u2,lift)
Tφm(W )ψm,ξ(u1,lift) = ψm,ξ(a). (29)

Note that if Eq. (28) does not hold, then Eq. (29) will fail with high probability over the choice of
m and ξ.

Thus the prover and verifier run an IOPP to check that V is close to an encoding of some W
satisfying the non-projected tensor constraint

ψm,ξ(u2,lift)
Tφm(W )ψm,ξ(u1,lift) = ψm,ξ(a).

This IOPP is handled by the non-projected constraint case described above, with minor adaptations
for witnesses over Q. We remark that m is chosen large enough so that the honest prover’s witness
W has no entry whose denominator is divisible by m.

Technical observations. We conclude with a series of technical remarks.

Remark 2.15 (List-Decoding Regime and Mutual Correlated Agreement (MCA)). In contrast to
Zip, which works in the unique decoding regime, Zip+ is designed to work in the list decoding regime
(and in particular up to the distance at which MCA holds). As such, the round-by-round knowledge
soundness analysis of Zip no longer carries over and we need to rely on a new analysis which shows
round-by-round knowledge soundness according to a recent notion from [BCFW25]. By leveraging
MCA, we are able to show round-by-round knowledge soundness beyond unique decoding, and as
an added bonus, we can merge the test and evaluation phases (which were previously separate in
Zip).

Remark 2.16 (MCA for Linear Codes over Q). The analysis of our IOPP’s soundness relies on
a property called Mutual Correlated Agreement (MCA) [ACFY25a]. Over finite fields it is known
that any linear code has MCA up to a distance known as the “1.5 Johnson Bound” [Zei24]. We
observe that similar techniques also apply over Q and provide the straightforward adaptation (of
[Zei24]) to show MCA up to the “1.5 Johnson Bound” for codes over Q.9

Remark 2.17. Bitlength Bounds for Combinations of Rationals: When considering encodings over
Q, we also want to reject if the prover sends a valid encoding of a witness with entries of large
bitsize. This will be handled by our IOPPs as follows. As we follow a Brakedown approach, the
prover will eventually conclude by sending a vector w? which is supposedly a linear combination
of its witness. If the honest prover is using witnesses of large bitsize, then this linear combination
is also likely to have large bitsize, and hence the verifier can reject. Incorporating this check into
our IOPP requires some careful but straightforward analysis of the bitsizes of sums and linear
combinations of rationals. As a result of it, we will have a gap in the bitsizes accepted with perfect
completeness and those rejected in the soundness case. That is, the honest prover uses witnesses
with entries of bitsize at most B0, while our soundness only guarantees that the verifier rejects if a
prover attempts to use witnesses with entries of bitsize at least B > B0.

9We note that in our experiments we use a rate of 1/4 and the Unique Decoding Radius (UDR), since in this
parameter regime the UDR leads to better performance than the 1.5 Johnson bound.
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2.5 Efficiency and experimental results

We provide benchmark details for Zinc+. Table 4 reports end-to-end Zinc+ costs for 7 consecutive
SHA-256 compressions followed by ECDSA verification (except for the three operations modulo
the scalar prime n of secp256k1, see below). The implementation and benchmarks are available at
github.com/NethermindEth/zinc-plus/tree/main-beta. Additional details can be found below
and in Section 9.

Zinc+ on 7x SHA-256 + ECDSA MSM Prover Verifier Proof size
Zip+ IOPP

Commit 8.4 ms — —
Open 4.7 ms 4.2 ms 0.06 KB
Subtotal 13.1 ms 4.2 ms 162 KB

Zinc+ PIOR (Steps 1, 2, and 3 of Section 2.2)
Trace projection Z[X]→ Fq[X] 0.9 ms 0.0 ms —
Ideal elements 4.2 ms 0.1 ms 9 KB
Trace projection Fq[X]→ Fq 0.4 ms 0.1 ms —
Subtotal 5.5 ms 0.2 ms 9 KB

Finite field PIOP 21.4 ms 2.0 ms 27 KB
Proof compression (zstd-3) 0.6 ms — —
Proof uncompression (zstd-3) — 0.6 ms —
Total 40.6 ms 7.0 ms 198 KB

Table 4: Zinc+ prover breakdown for 7 SHA-256 compressions followed by ECDSA verification, not including the
three operations modulo the scalar prime n of secp256k1. Proof sizes are compressed.

Our implementation is not fully optimized. Additionally, we make the suboptimal choice of
arithmetizing entirely over Z[X] rather than an “optimal” combination of Z[X], F2[X], and Fq (q
being the ECDSA prime), as we have only implemented support for the former.

Full ECDSA verification (cf. Section 8.3) consists of computing a multi-scalar multiplication
(MSM) R = u1 · G + u2 · Q plus verifying: two constraints u1 · s = e, u2 · s = r modulo n; and
int(Rx) = r modulo n, where n is the scalar prime n of secp256k1; the latter three operations
have negligible computational cost for a verifier, compared to the MSM. In a context where zero-
knowledge is required, one would need to include them. We prove only the MSM, and omit the rest
because our implementation does not yet support constraints over multiple domains simultaneously.
This will be addressed in future updates.

The large proof size is due in part to our choice of PCS/IOPP, which is based on the Brake-
down/Ligero approach [GLSTW23; AHIV22], known for large proof sizes. Ongoing work of ours is
to design an IOPP based on WHIR [ACFY25b] and similar schemes, which produce smaller proofs.

A few components of our implementation have been completed with AI (see the end of Section 9
for specific details). These have been reviewed carefully by us and are in the process of being
integrated into the main branch (full benchmarks are currently available in our main-beta branch).

Implementation, parameters, and benchmark details. All benchmarks are run on a Mac-
Book Air M4 (16 GB RAM, 2025), multi-threaded, targeting 100 bits of security. We use IPRS
codes of rate 1/8, radix 8, and base field of prime size 216 + 1. The proximity parameter is set to
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the 1.5 Johnson bound. The random prime field has ∼ 192 bits, more than enough for our target
security.

We arithmetize the computation in the form of a UAIR (a specific type of UCS constraint, see
Section 8.1). Our UAIR is very similar to the one described in Section 8, but is not exactly the
same due to limitations of our implementation and a design choice that allows for easier handling of
boundary constraints, see Section 9 for details. Our trace has 29 rows and 19 witness columns (11
from SHA and 8 from ECDSA). Of those, 11 are lookup-constrained to belong to {0, 1}<32[X] ⊆
Q[X]. SHA contributes 18 sparse public input columns, and ECDSA 15.

Our finite field PIOP is a sumcheck-based protocol similar to Hyperplonk’s PIOP (without
permutation constraints) [CBBZ23] and the original Binius’s PIOP [DP25], from which we use the
construction that provides virtual access to shifted trace columns (via a sumcheck), cf. Section 4.3
of [DP25]. See Section 9 for more details of our PIOP.

In a future document, we will provide a full description of our Zinc+ instantiation and arith-
metization.

Proof compression. All proof sizes reported above are compressed. Zinc+ proofs compress by
about 2x. We refer to [FZ25] for related work on proof compressibility.

3 Preliminaries

As usual, for k ≥ 1, we let [k] := {1, . . . , k}, and let [0 .. k] be {0}∪ [k]. We write x← S for uniform
sampling from a finite set S, and x← D for sampling from a distribution D.

Given w ≥ 1, we let [0 .. 2w − 1] = {0, . . . , 2w − 1} and {0, 1}<w[X] be the set of polynomials on
the variable X, of degree less than w with coefficients in {0, 1}.

For two integers u, v ∈ [0 .. 2w − 1] with binary representations u =
∑w−1

i=0 ui2
i and v =∑w−1

i=0 vi2
i, and for 0 ≤ r < w, the bitwise exclusive or (XOR), bitwise conjunction (AND), right

rotation by r bits, and right shift by r bits are defined as

u XOR v =

w−1∑
i=0

(ui + vi mod 2) 2i, u AND v =

w−1∑
i=0

(ui · vi) 2i,

ROTRr(u) =

w−1∑
i=0

u(i+r) mod w 2i, SHRr(u) =

w−1−r∑
i=0

ui+r 2
i.

These operations are defined on {0, 1}<w[X] as well in a natural way.

3.1 Algebra

Fields and polynomial rings We use K to denote (possibly infinite) fields and R to denote
rings. We write Fq for the finite field with q elements (where q is a prime or a prime power), Q for
the field of rational numbers, and Z for the ring of integers. An ideal I of a ring R generated by
a set S ⊆ R is denoted (S), the quotient ring is denoted R/I. A ring is an integral domain if the
product of any two nonzero elements is nonzero.

Given a ring R, we let R[X] be the ring of univariate polynomials with coefficients in R, on
the variable X. Similarly, for a tuple of variables Y = (Y1, . . . , Yµ), R[Y] denotes multivariate
polynomials with coefficients in R. We refer to R[X] and R[Y] as polynomial rings.

Often, we work with multilinear polynomials from R[Y] where R is itself a polynomial ring,
e.g. R = R′[X] with R′ = Q,Z, or R′ = Fq. In this case, we view elements of R[Y] = (R′[X])[Y]
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as polynomials in Y with coefficients in R′[X] (forgetting that the coefficients themselves are
polynomials), and not as elements of R′[X,Y], i.e. as polynomials on the variables (X,Y) with
coefficients in R′, even though (R′[X])[Y] and R′[X,Y] are isomorphic rings.

Following this, we often devoid elements from R′[X] from their polynomiality. In other words,
we treat elements from R′[X] as abstract ring elements, and rarely employ their specific properties
as polynomials. Accordingly, we usually denote elements of R′[X] by lowercase letters f, g, h, u, v, . . .
.

We let R<d,B[X] denote polynomials of degree < d with coefficients in R<B; we may write
R<d[X] when the bit bound is clear. Integers are represented as strings of bits as usual, rationals
a/b ∈ Q are represented as pairs (a, b) in lowest terms (i.e., gcd(a, b) = 1 and b > 0), with bit-size
the sum of the bit-sizes of a and b.

Ring homomorphisms f : R1 → R2 extend coefficient-wise to R1[Y] → R2[Y]. Additionally,
all maps are extended entrywise to vectors and matrices.
Primitive elements. For a finite extension Fq̃/Fq of finite fields with q̃ = q`, we denote by
Prim(Fq̃/Fq) the set of primitive elements of Fq̃ over Fq, i.e.,

Prim(Fq̃/Fq) := {α ∈ Fq̃ : Fq(α) = Fq̃}.

Equivalently, α ∈ Prim(Fq̃/Fq) iff α does not lie in any proper subfield of Fq̃ containing Fq.

Sparsity. For a multivariate polynomial f ∈ R[V1, . . . , Vk], write ‖f‖0 for the number of mono-
mials in the support of f—equivalently, the number of nonzero coefficients when f is written in
monomial form, after collecting like monomials over the coefficient ring.

For any field Fpe containing a subfield L , we can map elements of L into Fpe via the canonical
embedding ιpe : L ↪→ Fpe . We extend this embedding to the ring Fpe [X] its subrings L[X] by
applying ιpe coefficient-wise. If (j) = I ⊆ Fq[X] is an ideal, we note (ιq`(j)) = I ′ ⊆ Fq` [X] is also.

Local rings Given a prime p, subset Z(p) = {a/b ∈ Q | p - b} of Q is a ring called the localization of
Z at the prime p. This ring admits a surjective homomorphism φp : Z(p) → Fp, a/b 7→ a ·b−1 mod p,
where b−1 is the multiplicative inverse of b modulo p. We have ker(φp) = pZ(p).

Given a prime power q = pe, we set Z(q) := Z(p), and define φq : Z(q) → Fq as φq = ιq ◦φp. Given
prime powers q1, . . . , qn with qi = peii , we define the intersection localization ring on q1, . . . , qn as

Z(q1···qn) :=
⋂
i∈[n]

Z(pi) =
{
a/b ∈ Q

∣∣ gcd
(
b,
∏
i pi
)
= 1
}
. (30)

Multilinear extensions (MLE). Given a ring R, and µ variables Y, a multilinear polynomial
f(Y) ∈ R[Y] is uniquely determined by its values on {0, 1}µ. For any map f : {0, 1}µ → R, we
write f̃(Y) for its multilinear extension (MLE), i.e. the unique multilinear polynomial that agrees
with f on the Boolean hypercube. For a vector v ∈ R2µ , we write ṽ(Y) for the MLE of the
map b 7→ vb (identifying {0, 1}µ with [2µ] when appropriate). We also use the standard equality
polynomial

ẽq(Z;Y) :=
∏
i∈[µ]

(Zi · Yi + (1− Zi) · (1− Yi)) , (31)

where Z is a tuple of µ variables. We then have

ṽ(Y) =
∑

b∈{0,1}µ
vb · ẽq(b;Y).
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Schwartz–Zippel lemma for exceptional sets. We will need the following general form of
Schwartz-Zippel lemma in order to address certain ideal-membership constraints in our proof system
(namely, Step 2 in Section 2.2.4). Given a ring R, a subset S ⊆ R is exceptional if a − b has
a multiplicative inverse for all distinct a, b ∈ S. The standard Schwartz-Zippel lemma applies
whenever R is an integral domain; Lemma 3.1 below is the generalization needed when R has zero
divisors (e.g., the ring K[X]/I that arises in the proof of Lemma 5.1).

Lemma 3.1 (Generalized Alon–Füredi Theorem [BCPS18]). Let R be a ring and let S ⊆ R be a
finite exceptional subset of R. Let f(Y) ∈ R[Y] be a nonzero multilinear polynomial in µ variables.
Then Prr←Sµ [f(r) = 0] ≤ µ/|S|.

Lemma 3.2 (Bound on large prime divisors of small integers). Let B > BP . For any a ∈ Z<B \{0}
of bit length less than B, the number of primes of bit length at least BP dividing it is less than
(B − 1)/(BP − 1).

Proof. Say t primes p1, . . . , pt divide a. By assumption |a| < 2B−1 and that pi ≥ 2BP−1 for all
i ∈ [t]. Then we have 2t(BP−1) ≤ |a| < 2B−1, which implies t < (B − 1)/(BP − 1).

3.2 Constrained linear codes and Mutual Correlated Agreement (MCA)

Constrained linear codes. A linear code over a field K is a linear subspace C ⊆ Kn. The block
length is n, and the dimension k = dim(C) is the dimension of the subspace. A generator matrix
M ∈ Kn×k for C is a matrix whose columns form a basis for C, so C = {Mw : w ∈ Kk}. The relative
distance δ ∈ (0, 1] of C is the minimum, over all distinct c, c′ ∈ C, of the fraction of coordinates in
which c and c′ differ. For a vector v ∈ Kn, the relative Hamming distance from v to the code is
dist(v, C) = minc∈C dist(v, c), where dist(v, c) denotes the fraction of coordinates in which v and c
differ.

Given a linear code C ⊆ Kn with generator matrix M ∈ Kn×k, the J-wise interleaving of C is
the code

CJ := {WMT :W ∈ KJ×k} ⊆ KJ×n.

A codeword in CJ can be viewed as a tuple (v1, . . . , vJ) of J codewords vi ∈ C.

Mutual Correlated Agreement Let M ∈ Kn×k be a generator matrix generating a code
C ⊆ Kn with relative distance δ. For any S ⊆ [n] and any v : [n] → K we let v|S : S → K denote
the restriction of v to its coordinates in S and let C|S denote the projection of C to the coordinates
in S. Hence, we write v|S ∈ C|S to mean that there exists some codeword c ∈ C such that c|S = v|S .
We also let ν(S) = |S|/n denote the fractional size of S. Now for a distance parameter β ∈ [0, 1],
we define the agreement domains up to distance β of v with respect to C as

ADC,β(v) = {S ⊆ [n] | µ(S) > 1− β, v|S ∈ C|S}.

In words, these are all the subsets of coordinates of fractional size greater than 1− β such that the
restriction of v to those coordinates is in the code.

The mutual correlated agreement property, which we define next, states that for any two vectors
v1, v2 ∈ Kn, for most choices of coefficients r1, r2 from some set R ⊆ K, the linear combination
r1v1 + r2v2 does not have any new agreement domains compared to v1 and v2.
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Definition 3.3. Given a code C ⊆ Kn and a set of coefficients R ⊆ K we say that C satisfies
mutual correlated agreement (MCA) with respect to R up to distance β with error errpg if for every
v1, v2 ∈ Kn

Pr
r1,r2∈R

[
ADC,β(r1 · v1 + r2 · v2) 6⊆

2⋂
i=1

ADC,β(vi)

]
≤ errpg.

In words, the event of the probability above is that there exists S of fractional size at least 1 − β
such that (r1 · v1 + r2 · v2)|S is in the code, but there is no large subset S′ ⊆ S of measure greater
than β − η such that both v1|S′ and v2|S′ are in the code.

The next theorem states that every linear code (even those over infinite fields such as Q) satisfies
MCA up to a distance known as the 1.5 Johnson bound.

Theorem 3.4. Let C ⊆ Kn be a linear code with relative distance δ. Then, for any set of coefficients
R ⊆ K, any ε, β ∈ [0, 1) such that β = a/n for some a ∈ N and

β > (1− δ + ε)1/3, ε < 0.18,

the code C satisfies MCA with respect to R up to distance β with error n
ε|R| .

Proof. The proof is essentially the same as in [Zei24] and is included in Appendix A.2.3 for com-
pleteness.

Any code satisfying MCA also satisfies the following two properties which can be thought of as
a generalization of MCA to linear combinations of J functions for any J ≥ 2 and a list-decoding
preservation statement respectively.

Theorem 3.5. Let C ⊆ Kn be a linear code with relative distance δ and let R ⊆ K be a set of
coefficients and such that C satisfies MCA up to distance β < δ and error errpg with respect to R.
Then for any v1, . . . , vJ ∈ Kn, we have,

Pr
rj∈R

[
ADC,β

(
J∑
i=1

ri · vi

)
6⊆

J⋂
i=1

ADC,β(vi)

]
≤ (J − 1)errpg.

Proof. The proof is deferred to Appendix A.2.3.

Finally we show that MCA implies a property called list preservation. Given a code C ⊆ Kn

and a vector v ∈ Kn, we define

ListC,β(v) = {u ∈ C | dist(u, v) ≤ β},

and given a list of vectors (v1, . . . , vJ) ∈ Kn we define

ListCJ ,β(v1, . . . , vJ) = {(u1, . . . , uJ) ∈ CJ | ∃S ⊆ [n], |S| > (1− β)n, uj |S = vj |S ,∀j ∈ [J ]}.

Then Theorem 3.5 implies the following list preservation property.

Theorem 3.6. Let C ⊆ Kn be a linear code with relative distance δ and let R ⊆ K be a set of
coefficients and such that C satisfies MCA up to distance β < δ and error errpg with respect to R.
Then for any v1, . . . , vJ ∈ Kn we have,

Pr
rj∈R

[
ListC,β

(∑J
j=1 rjvj

)
⊆
{∑J

j=1 rjuj | (u1,...,uJ )∈ListCJ ,β
(v1,...,vJ )

}
∨

ADC,β(v
∗)6⊆∩Jj=1ADC,β(vj)

]
≤ (J − 1)errpg.

Proof. The proof is deferred to Appendix A.2.3.
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3.3 Interactive Oracle Reductions

Indexed relations and oracles. An indexed relation R is a set of index-instance-witness triples
(i,x;w). The language associated with R is LANG(R) :=

{
(i,x)

∣∣ ∃w such that (i,x;w) ∈ R
}
.

Each relation declares a partition of the entries of (i,x) into explicit parts and oracle parts. The
verifier reads explicit parts directly and accesses oracle parts via oracle queries.

A relation declares the type of each oracle entry, which falls into one of three kinds:
• String oracles. Vectors over an alphabet Σ, queried by index. We write [[π]] for an oracle to

a string π, returning πj on query j.
• Polynomial oracles. Polynomials in some ring R[Y1, . . . , Yµ], queried by evaluation. We write

[[f ]] for an oracle to a polynomial f , returning f(r) on query r. A polynomial-oracle type may
constrain the polynomial along any combination of: number of variables, total or per-variable
degree bound, coefficient ring, and (for Q-coefficients) coefficient bit-size bound.

• Projected polynomial oracles. Polynomial oracles whose response is computed by a lift-
evaluate-project sequence: each query is lifted into the polynomial’s coefficient ring via a
section, the polynomial is evaluated at the lifted point, and the result is projected into a
target ring via a (possibly partial) map. Responses are in the target ring, or ⊥ when the
projection is undefined.

We define the trivial relation Rtriv := {(⊥,⊥;⊥)} with LANG(Rtriv) = {(⊥,⊥)}. For an IOR
with target Rtriv, we identify the verifier’s output (i′,x′) = (⊥,⊥) with acceptance (or outputting
1) and any other output with rejection (or outputting 0). For nontrivial target relations, rejection
means the verifier outputs an instance outside the target language; the protocol specifies how this
is encoded.

IOR protocols. A public-coin Interactive Oracle Reduction (IOR) Π = (P,V) from a relation
R to a relation R′ is specified as follows. The prover P receives (i,x;w) ∈ R. The verifier V
receives (i,x): explicit parts directly, oracle parts via oracle access. They interact for k rounds.
In round j ∈ [k], the prover sends an oracle πj and the verifier sends a uniformly random message
ρj ∈ {0, 1}rj . After the k rounds, the verifier makes oracle queries to the oracle parts of (i,x) and
to π1, . . . , πk. Then:

• V outputs a new index-instance pair (i′,x′). The oracle parts of x′ are determined implicitly
as functions of the oracle parts of (i,x) and of π1, . . . , πk.

• P outputs a witness w′.
Without loss of generality, V’s output is a deterministic function of its inputs and the transcript
(including oracle responses).

Types of IORs used in this paper. All variants below are IORs; we distinguish them informally
by oracle type and target relation. The categories overlap.

• IOP: string oracles, trivial target relation.
• IOPP (IOP of proximity): an IOP whose source relation enforces proximity to a code.
• PIOR (polynomial IOR): polynomial oracles, non-trivial target relation.
• PIOP (polynomial IOP): polynomial oracles, trivial target relation.

3.3.1 Completeness

Definition 3.7 (Completeness). Π has completeness with error ε(·) if for every (i,x;w) ∈ R, in
honest execution producing transcript (ρ1, . . . , ρk), V’s output (i′,x′), and P’s output w′,

Pr
ρ1,...,ρk

[
(i′,x′;w′) /∈ R′

]
≤ ε(i,x).
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Perfect completeness corresponds to ε ≡ 0.

3.3.2 Round-by-round knowledge soundness

Two formulations of round-by-round knowledge soundness (RBR-KS) appear in the literature;
we use both. The state function formulation [CMS19; BMNW25] uses a witness-free predicate
State(i,x, tr) paired with a global extractor Erbr(i,x, tr). The knowledge state function formula-
tion [BCFW25] threads a candidate knowledge state witness w through both the predicate KState(i,x, tr,w)
and the extractor. State-function-form RBR-KS implies knowledge-state-form RBR-KS with the
same per-round errors by the construction of [BCFW25, Theorem C.1]: the new extractor re-
turns w when (i,x;w) ∈ R, and otherwise returns the state-form extractor on the pre-randomness
transcript.

Knowledge state function version.

Definition 3.8 (Knowledge state function). Let Π = (P,V) be an IOR from a relation R to R′. A
knowledge state function for Π is a (possibly inefficient) function KState that, on input a statement
(i,x), interaction transcript tr, and knowledge state witness w, outputs a bit and has the following
properties.

• Empty transcript. If tr = ∅ is the empty transcript, then KState(i,x, tr,w) = 1 if and only
if (i,x;w) ∈ R.

• Prover moves. If tr is a transcript where the prover is about to move and KState(i,x, tr,w) =
0, then KState(i,x, tr‖π,w) = 0 for every prover message π.

• Full transcript. If tr = (π1, ρ1, . . . , πk, ρk) is a full transcript, then KState(i,x, tr,w) = 1 if
and only if V on tr outputs (i′,x′) such that (i′,x′;w) ∈ R′.

Definition 3.9 (Round-by-round knowledge soundness). Π has round-by-round knowledge sound-
ness with errors (κ1, . . . , κk) if there exists a knowledge state function KState as in Definition 3.8
and a deterministic extractor Erbr such that for every (i,x), every j ∈ [k], and every transcript tr
where the verifier is about to send ρj ,

Pr
ρj

 ∃w :
∧ KState

(
i,x, tr, Erbr(i,x, tr‖ρj ,w)

)
= 0

∧ KState(i,x, tr‖ρj ,w) = 1

 ≤ κj(i,x).

Remark 3.10 (Auxiliary witness slots in KState arguments). When an outer IOR is built using
an inner IOR as a black box, the outer KState invokes the inner KState as a sub-formula and the
outer extractor invokes the inner extractor as a subroutine, so the outer’s w must include an inner-
protocol witness alongside the outer relation’s witness. To accommodate this without modifying
the source or target relations, we work with augmentations Raug and R′aug that admit an extra
inert component waux:

(i,x; (w,waux)) ∈ Raug ⇐⇒ (i,x;w) ∈ R,

and analogously for R′aug. Since LANG(Raug) = LANG(R) (and likewise for R′), the resulting RBR
knowledge soundness guarantee is for the original relations.

State function version.

Definition 3.11 (State function). Let Π = (P,V) be an IOR from a relation R to R′. A state func-
tion for Π is a (possibly inefficient) function State that, on input a statement (i,x) and interaction
transcript tr, outputs a bit and has the following properties.
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• Empty transcript. State(i,x, ∅) = 0.
• Prover moves. If tr is a transcript where the prover is about to move and State(i,x, tr) = 0,

then State(i,x, tr‖π) = 0 for every prover message π.
• Full transcript. If tr = (π1, ρ1, . . . , πk, ρk) is a full transcript, then State(i,x, tr) = 1 if and

only if V on tr outputs (i′,x′) such that there exists w′ with (i′,x′;w′) ∈ R′.

Definition 3.12 (Strong round-by-round knowledge soundness). Π has strong round-by-round
knowledge soundness with errors (κ1, . . . , κk) if there exist a state function State as in Definition 3.11
and a deterministic extractor Erbr such that for every (i,x), every j ∈ [k], and every transcript tr
where the verifier is about to send ρj ,

Pr
ρj

 State(i,x, tr) = 0
∧ State(i,x, tr‖ρj) = 1
∧ (i,x; Erbr(i,x, tr)) /∈ R

 ≤ κj(i,x).

Compiling to non-interactive arguments of knowledge. The compiled Zinc+ IOP (Theo-
rem 5.17) satisfies knowledge-state-form RBR knowledge soundness. By [BCFW25, Theorem B.4],
this implies the straightline state-restoration knowledge soundness variant of [BCFW25, Defini-
tion B.2]. The BCS-style transformation of [BMNW25, Theorem 5.9], which adapts [BCS16] to
this setting, then yields a SNARK in the random oracle model (ROM).

Quantum-random-oracle-model security is conjectural: [BCFW25] conjectures the QROM result
of [CMS19] extends to the BCS-style transformation in this setting, which in its current form
requires the IOP has strong RBR knowledge soundness.

4 Universal Constraint Systems (UCS)
We start this section by presenting the main relation we are interested in creating proofs for, which
we call the universal constraint system (UCS) relation. After that, we discuss some structural
semantics of UCS, namely how one can write lookup, permutation, R1CS, CCS, and AIR constraints
within a UCS, over different rings, and exploiting ideal membership predicates.

Our presentation is purely technical. We refer to Sections 2.1 and 8 for intuition and explana-
tions of how UCS can be used to arithmetize many computations of practical interest.

4.1 General UCS definition

In this section we define the universal constraint system (UCS) relation RELUCS.

Definition 4.1 (Universal constraint system (UCS)). The relation RELUCS is the set of all triples
(i,x;w) of the following form.
Index. An index i is a tuple

i = (m, `, n,q, B,d, C),

where m ≥ 0 is the witness length, ` ≥ 0 is the input length, n ≥ 0 is the number of rows,
q = (q1, . . . , q|q|) is a tuple of prime powers, B ≥ 0 is a bit-size bound, d = (d0, . . . , d|q|) is a tuple
of degree bounds, and C is a family of constraints (defined below). Let K be a formal variable
(interpreted as ranging over rows, where rows are indexed by [n]), let Y be a tuple of ` formal
variables (interpreted as placeholders for public input entries), and let Z0,Z1 be tuples of m formal
variables each (interpreted as placeholders for witness vectors). As we will see, Z0 serves as a
placeholder for a witness with entries in Q<d0,B[X] and Z1 for witnesses with entries in F<diqi [X];
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the Q[X]-constraint polynomials have coefficients in the intersection localization ring Z<d0,B(q1···q|q|)
[X].

Additionally, in the finite-field constraints, Z0 also serves as a placeholder for the projected integer
witness φqi(f0).

The constraint family C is a tuple

C =
(
(Q0t, I0t)t∈[|C|], (Qit, Iit)i∈[|q|],t∈[|C|]

)
,

where, for every t ∈ [|C|] and every i ∈ [|q|],

Q0t ∈
(
Z<d0,B(q1···q|q|)

[X]
)
[K,Y,Z0], Qit ∈

(
F<diqi [X]

)
[K,Y,Z0,Z1],

and I0t = (j0t) and Iit = (jit) are ideals given by generators

j0t ∈ Z<d0,B(q1···q|q|)
[X], jit ∈ Fqi [X], t ∈ |C|, i ∈ |q|.

We call (Qit, Iit) a Q[X]- (or Fqi [X]-) constraint.
This restriction on the X-degree of explicit constraint coefficients is harmless for the instances

considered here. More general explicit X-coefficients can be accommodated by increasing the
relevant di, or by the standard coefficient-vector encoding used for polynomial-ring entries.
Scope of bounds. Bounds on the public input and witness are needed to constrain the admissible
circuit I/O. The UCS index surfaces some of the bounds that appear in the completeness and
soundness analyses of our compiler. Other bounds that factor into those analyses are omitted: the
degrees of Qit in subsets of the variables (Y,Z0,Z1), and the sparsity of Qit over those subsets,
would add unnecessary complexity if surfaced here. Still other bounds—relevant to the downstream
finite-field PIOPs that instantiate our compiler, such as the algebraic degree and sparsity of the
projected constraint polynomials produced by the Zinc+ PIOR—are not tracked at the UCS level
for the same reason. Some bounds are omitted because they do not factor into our analyses at all;
for example, degX(jit) for i ∈ [|q|] never appears.
Input and witness. The public input is x = y with

y ∈ (Z<d0,B(q1···q|q|)
[X])`,

(recall that Z(q1···q|q|) denotes the intersection localization ring from Eq. (30)). The witness is
w = (f0, f1, . . . , f|q|) with

f0 ∈
(
Q<d0,B[X]

)m
, fi ∈

(
F<diqi [X]

)m for all i ∈ [|q|]. (32)

Constraint satisfaction. We let RELUCS consist of all triples (i,x;w) satisfying all the following
conditions.

(i) Q[X]-constraints. For every row index k ∈ [n] and every constraint index t ∈ [|C|],

Q0t(k,y, f0) ∈ I0t ⊆ Q[X].

(ii) Fqi [X]-constraints. For every prime power index i ∈ [|q|], every row index k ∈ [n], and
every constraint index t ∈ [|C|],

Qit
(
k, φqi(y), φqi(f0), fi

)
∈ Iit ⊆ Fqi [X].
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(iii) Well-definedness of φqi. The homomorphisms φqi from Section 3.1 are defined only on the
intersection localization ring Z(q1···q|q|). Since in the previous condition we applied φqi to f0,
we require the following well-definedness condition:

f0 ∈
(
Z<d0,B(q1···q|q|)

[X]
)m
. (33)

When |q| = 0, this condition is vacuous.
We show in Section 4.2 that the well-definedness condition can be expressed as a Q[X]-
constraint, i.e. as a constraint as in Item 1. Hence, (33) does not require its own separate
syntax, as long as one of the Q[X]-constraints in the UCS instance enforces it.
Moreover, the Zinc+ PIOR (Section 5.3) enforces well-definedness through constraint (i) of
the output PESATQ[X] instances (Definition 5.8), so including an explicit well-definedness
lookup in the UCS index is not required.
In all our applications, condition (33) is subsumed by other lookup constraints placed on f0,
which are written as Q[X]-constraints, cf. Section 4.2. See Remarks 2.1 and 2.5 and Sec-
tion 2.1.2 for further comments on this.

When an ideal Iit is zero, the corresponding constraint Qit(· · · ) ∈ Iit reduces to the equality
Qit(· · · ) = 0. When |q| = 0, the tuple q is empty and UCS reduces to a purely Q[X]-constraint sys-
tem with no Fqi [X]-constraints. Notice that the elements Q0t(k,y, f0) and Qit

(
k, φqi(y), φqi(f0), fi

)
are, in general, elements from Q[X] and Fqi [X], respectively, i.e. they are polynomials as opposed
to constant elements from Q or Fqi .
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For ease of reference, below we restate the definition of RELUCS in compact form.

RELUCS =



i,x;
w



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Index-input-witness
Index
i = (m, `, n,q, B,d, C),
q = (q1, . . . , q|q|), d = (d0, . . . , d|q|),

C = ((Q0t, I0t = (j0t)), (Qit, Iit = (jit)))i∈[|q|],t∈[|C|],

j0t ∈ Z<d0,B(q1···q|q|)
[X], jit ∈ Fqi [X],

Q0t ∈ (Z<d0,B(q1···q|q|)
[X])[K,Y,Z0], Qit ∈ (F<diqi [X])[K,Y,Z0,Z1],

|Z0| = |Z1| = m

Input
x = (y) ∈ (Z<d0,B(q1···q|q|)

[X])`

Witness
w = (f0, f1, . . . , f|q|), fi ∈ (F<diqi [X])m for all i ∈ [|q|],
f0 ∈ (Q<d0,B[X])m

Constraints
Algebraic constraints over Q[X] mod ideals
Q0t (k,y, f0) ∈ I0t for all k ∈ [n], t ∈ [|C|]

Algebraic constraints over Fqi [X]

Qit (k, φqi(y), φqi(f0), fi) ∈ Iit,

for all k ∈ [n], i ∈ [|q|], t ∈ [|C|]
Well-definedness
f0 ∈ (Z<d0,B(q1···q|q|)

[X])m


Design choices. We discuss some of the design choices behind the definition of UCS. We format
the discussion as a series of reasonable questions and answers.

Why are witnesses and inputs typed in polynomial rings R<w[X] rather than in R? Why not try to
reinterpret R<w[X] as w copies of R and treat each witness entry as an element of Rw, or as w
elements of R?

We see at least three advantages in preserving the ring structure of R[X]. First, R[X] makes
ideal membership constraints natural and efficient to reason about. It is not clear how to translate
ideal membership predicates into Rw without resorting to lookups, and even when lookups are
available, the translation loses the algebraic structure of the ideals. Our PIOP framework leverages
this algebraic structure by resolving ideal membership predicates with a single MLE randomized
check, analogously to how standard proof systems check strict equalities.

Second, R[X] enables multiple ideal membership predicates in the same relation. If there were
only one ideal I, one could work over R[X]/I directly (in which case we would be working directly
over a non-polynomial ring R′ ). In the presence of membership predicates involving more than
one ideal, staying in R[X]/I would complicate the arithmetization of all but one of the predicates.
Working in R[X] allows us to glue together constraints that would otherwise be separated into

43



different quotient rings. E.g., in the example from Section 2.1 we have ideal membership constraints
simultaneously in (X − 2) and (Xw − 1).

Third, our PIOP projects constraints over R[X] onto a finite field F via a randomized projection.
In practice F has size comfortably less than 2192. When the original elements from R[X] are large,
this projection provides equally large compression benefits, in that elements from R[X], which may
be thousands of bits long (for example, in lattice-based settings), become < 192 bits long.

Why allow integers? Why not work entirely over Fq or Fq[X] for a sufficiently large prime q?
A plausible alternative to having constraints over Z or Z[X] is to work over Fq or Fq[X] for

q larger than any value that the integer computation ever produces (let’s call such a value the
computation norm), and avoid modular overflow via lookups or range checks (this presence of
lookups would not necessarily suppose an overhead, since our example arithmetization also relies
on having lookup constraints on the witness).

We see several advantages of staying over Z/Z[X], though some use-cases may indeed benefit
from working on Fq or Fq[X], particularly those where the computation norm is small (e.g. classic
hashing). See Section 1.1.3 and the end of Section 2.2 for comments on an instantiation of our
framework over Fq[X], which we call the Zinc+ add-on.

First, by the same reasoning as the second point above, staying in Z or Z[X] allows projecting
onto fields and rings Fq or Fq[X] for different values of q within the same constraint system. For
example, our SHA-256 (+ECDSA verification) arithmetization showcases simultaneous constraints
modulo 232, 2, and p for a 256-bit prime p.

Second, the third point above also applies: in applications such as verifiable FHE (e.g. the
CKKS scheme) or RSA cryptography, one would require working with a very large prime q (i.e. the
computation norm in such applications is large). The random-projection technique may provide
significant compression benefits in these cases.

Third, when q is large, one faces the familiar overhead of field arithmetic in Fq or Fq[X] through-
out the proof. For instance, Reed–Solomon encoding becomes expensive over large fields. Our Inte-
ger Pseudo Reed–Solomon (IPRS) codes operate over Z or Q and show good practical performance
(Section 2.3.3). We think that specifically designed IPRS codes can be set up with good distance
over Fq for a fixed large q, but we lack theoretical guarantees for this; we pose this as an open
question in Section 7.3.

We note that combining an IOPP (or PCS) for Q<d0,B[X] with a lookup PIOP for Z<d[X]
provides an IOPP (or PCS) for Z<d0,B[X], and hence our work provides that.

Definitional extensions and specializations The definition of UCS can be both extended
and specialized in various convenient ways, as required by the application or framework where it is
used. For example, in Section 8.1 we provide an AIR-like specialization of UCS. In Remarks 2.7,
2.8 and 8.2 to 8.4 we discuss extensions to the definition. Extensions and specializations may be
applied simultaneously.

The definition of UCS used in this paper targets the widest amount possible of generality, while
deliberately simplifying some syntax (Remarks 2.7 and 8.4), and leaving some functionality out
(Remarks 2.8, 8.2 and 8.3).

4.2 Lookup, permutation, R1CS, CCS, and AIR constraints as UCS constraints

In this section and in Section 4.2.2, we show how several common relations and constraints—namely
lookups, permutations, R1CS, CCS, and AIR—can be written as UCS constraints over different
rings and, perhaps, with ideal membership constraints. We present these constructions in isolation;
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however, in practice one can combine multiple constraint types over different domains and with
different ideals within a single UCS instance.

4.2.1 Lookup constraints

The construction follows Section 4.4 of [Gar+25; GWHD25], which proves the result for arbitrary
integral domains; we include it here for completeness but omit a detailed proof. We work over rings
R[X] with R = Q or R = Fq for some prime power q.

We define the lookup relation over R[X] as:

RELLook =

(i,x;w)

∣∣∣∣∣∣∣∣∣
i = (m, τ, t, R[X]),

m, τ ≥ 0, t ∈ R[X]τ ,

x = ∅, w = w ∈ R[X]m,

wi ∈ {tj | j ∈ [τ ]} for all i ∈ [m].

 .

Let iLook := (m, τ, t, R) denote an index for RELLook. We now construct a UCS index iUCS such
that (iLook,x;w) ∈ RELLook if and only if (iUCS,x

′;w′) ∈ RELUCS for an explicit transformation
x
′,w′ of x,w.

Given N ≥ 1, the Lagrange basis polynomial for i ∈ [N ] is

Lag[N ],i(T ) :=
∏

j∈[N ]\{i}

T − j
i− j

. (34)

This polynomial is well-defined over Q or any Fq with q > N . Define, given a tuple Z of m variables
and a variable K,

L(K,Z) :=
∑
k∈[m]

Zk · Lag[m],k(K) (35)

so that L(k, z) = zk for all k ∈ [m] and any vector z = (z1, . . . , zm). Define

QLook(K,Z) =
∏
j∈[τ ]

(
L(K,Z)− tj

)
. (36)

If R = Q, define iUCS = (m, `=0, n = m,q=∅, B,d=d, C) with C = (Q0,1, I0,1) := (QLook, (0)),
where d and B are degree and coefficient bit-size bounds such that t ⊆ Q<d,B[X] and QLook ∈
(Q<d,B[X])[K,Z0].

If R = Fq, define iUCS = (m, `=0, n = m,q=q,B,d=(0, d), C) with C = ((Q0,1, I0,1), (Q1,1, I1,1))
whereQ0,1 ≡ 0, I0,1 = (0) (i.e. the Q[X]-constraints are void), andQ1,1(K,Y,Z0,Z1) := QLook(K,Z1),
I1,1 = (0), and d is such that QLook ∈ (F<dq [X])[K,Z1].
Lemma 4.2 (Lookup as UCS). Let iLook and iUCS be defined as above. For every w ∈ R[X]m,
letting x = ∅, we have:
• If R = Q then (iLook, ∅;w) ∈ RELLook if and only if (iUCS, ∅;w) ∈ RELUCS.

• If R = Fq then, writing 0 for the all-zero Q-witness component of length m, (iLook, ∅;w) ∈
RELLook if and only if (iUCS, ∅; (0,w)) ∈ RELUCS.

The proof is analogous to the one in Section 4.4 of [Gar+25; GWHD25] and we omit it. The
key observation is that R is an integral domain, and so

QLook(i,w) =
∏
j∈[τ ]

(wi − tj) = 0

if and only if wi ∈ {tj}, for all i ∈ [m].
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Remark 4.3 (Degree blowup and practical lookup arguments). The purpose of the above con-
struction is to exhibit lookups as UCS instances, so that our generic UCS compilers and soundness
statements apply to lookup constraints over R[X]. In practice, we will not prove a lookup via
generic proving methods for polynomial identity (as the lookup constraint has too large a total
degree); instead, we will use lookup arguments that exploit the specific semantics of the lookup
constraints, following the approach of [Gar+25; GWHD25].

Concretely, we prove lookup constraints by using our Zinc+ compiler steps (see, e.g. Section 2.2),
and then using a lookup PIOP. For our applications, a simple sumcheck-based protocol for proving
booleanity of elements suffices, cf. Section 9. In general, one can use generic lookup PIOPs such as
LogUp [Hab22], Twist&Shout [ST25], etc. over the field F′ used in the projection step of the Zinc+
compiler.

Remark 4.4 (Lookup constraints on polynomial expressions of witness entries). The lookup re-
lation RELLook defined above requires each entry of a witness vector w to belong to a table t. In
applications, one sometimes needs to constrain polynomial expressions of witness entries to belong
to a lookup table. Concretely, given a witness vector w ∈ Rm and a polynomial P ∈ R[Z] with
|Z| = m, one may require that

P (wi) ∈ {tj | j ∈ [τ ]} for all i ∈ [m].

The extension to this setting follows by replacing the selector polynomial L(K,Z) in (35) with

L′(K,Z) := P
(∑
i∈[m]

Zi · Lag[m],i(K)
)
,

and then defining Q′Look =
∏
j∈[τ ]

(
L′(K,Z) − tj

)
. analogously. This generalization is needed in

our definition of the relation UAIR+ (Definition 8.1) and in some of our applications in Section 8,
notably in the SHA-256 arithmetization (Section 8.2); see Remark 8.3 for further discussion.

Remark 4.5 (Well-definedness as a lookup constraint). Recall that Definition 4.1 includes a well-
definedness condition (33) requiring f0 ∈ (Z<d0,B(q1···q|q|)

[X])m. This is simply a lookup constraint: the
table is t := Z<d0,B(q1···q|q|)

[X], and each entry of f0 must belong to this finite set. Thus, the well-
definedness condition can be enforced via a Q[X]-constraint in UCS and does not require separate
syntax in the definition of UCS.

In the Zinc+ PIOR (Section 5.3), the well-definedness condition is enforced by constraint (i) of
the output PESATQ[X] instances (Definition 5.8), so including this lookup in the UCS index is not
required.

In many applications, other lookup constraints placed on f0 already subsume the well-definedness
condition (see Section 8), so it does not need to be explicitly included.

4.2.2 Permutation constraints

Define the permutation relation over R[X] as

RELperm =

(i,x;w)

∣∣∣∣∣∣∣
i = (n, σ,R), n ≥ 1, σ : [n]→ [n] is a permutation,
x = ∅, w = (u,v) ∈ Rn ×Rn,
ui = vσ(i) for all i ∈ [n].

 .
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To write this relation as a subset of the UCS relation, we view the witness as a length-2n vector
w = (u,v) and define the selector polynomial

QPerm(K,Z) :=
∑
i∈[n]

(
Zi − Zn+σ(i)

)
· Lag[n],i(K).

Then evaluating at K = i ∈ [n] yields QPerm(i,w) = ui−vσ(i). Thus, QPerm(i,w) = 0 for all i ∈ [n]
if and only if (u,v) ∈ RELperm. The encoding of (i,x;w) ∈ RELPerm as a UCS index-input-witness
triple then proceeds analogously to that in Lemma 4.2: for R = Q, one sets C = (Q01, I01) =
(QPerm, (0)); for R = Fq, one sets (Q01, I01) = (0, (0)) and Q1,1(K,Y,Z0,Z1) := QPerm(K,Z1).

4.2.3 R1CS, CCS, and AIR

We refer to Section 4.4 of [Gar+25; GWHD25] for a detailed treatment. Recall that the R1CS
relation over a ring R0 constrains (M1 · z) ◦ (M2 · z)− (M3 · z) = 0, where M1,M2,M3 ∈ Rn×(`+m)

0

are publicly known constraint matrices and z = (y,w) ∈ R`0 × Rm0 is the concatenation of a
public input and witness. We capture such a constraint in UCS form as follows: Given a matrix
M ∈ Rn×(`+m)

0 , define the polynomial LM (K,Z) =
∑

j∈[`+m] M̃(K, j) · Zj , where Z is a tuple of
` +m variables, M̃ is the multilinear extension of M , and we identify [` +m] with {0, 1}log(`+m)

(assume `+m is a power of 2). Now, define the following polynomial:

QR1CS(K,Z) := LM1(K,Z) · LM2(K,Z)− LM3(K,Z).

Given k ∈ [n], we have QR1CS(k, z) = [(M1 · z) ◦ (M2 · z)− (M3 · z)]k. Hence QR1CS(k, z) = 0 for
all k ∈ [n] if and only if z satisfies the initial R1CS constraint (again, we assume k is a power
of two and identify [n] with {0, 1}log(n)). For R1CS constraints over Q[X], we let the UCS index
have q = ∅ and set the constraint tuple as C = (QR1CS, (0)). For R1CS constraints over Fq[X], we
instead leave the Q[X]-part empty, and use the Fq[X]-constraint as (QR1CS, (0)).

In many scenarios, it may be useful to use R1CS-ideal membership constraints, rather than
strict R1CS equalities. In this case, the constraint may look like

(M1 · z) ◦ (M2 · z)− (M3 · z) ∈ I ⊆ R[X], for all k ∈ [n],

where R ∈ {Q,Fq}, and I is an ideal of R[X]. This constraint can be captured in UCS form by
using the constraint (QR1CS, I), instead of (QR1CS, (0)).

CCS and AIR. CCS relations [STW23] admit an analogous transformation to R1CS relations.
Further, since AIR relations [Sta21] can be written as CCS relations [STW23], they too can be
instantiated as UCS instances. For an AIR-like instantiation tailored to the UCS framework,
see Section 8.1.

5 Zinc+: from finite-field PIOPs to a SNARK for UCS
In this section we construct a round-by-round knowledge sound PIOP for UCS from finite-field
PIOPs, where the resulting PIOP uses multilinear oracles over Q[X] and Fq[X]. We then obtain
a round-by-round knowledge sound IOP for UCS using Theorem B.2 and IOPPs for multilinear
polynomial evaluation over these domains (such as Zip+ in Section 6). Finally, we apply the BCS
transformation [BCS16] to obtain a SNARK for UCS.
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The construction proceeds in two steps. First, the Zinc+ PIOR reduces UCS to a conjunc-
tion of instances of the polynomial equation satisfiability relation PESATQ[X](Fq̃)—one per finite
field in the UCS constraints, plus one for the Q[X]-constraints—where q̃ is some power of q. We
refer to each index i ∈ [0, |q|] as a field branch: branch 0 corresponds to the Q[X]-constraints,
and branches i ∈ [|q|] correspond to the Fqi [X]-constraints. PESATQ[X] has Fq̃-satisfiability con-
straints (capturing R1CS, CCS, AIR, and more as special cases), but uses projected Fq[X] and
Q[X] oracles (Definition 5.3). Second, a black-box construction lifts any PIOP for PESAT(Fq̃) (the
standard finite-field version with only Fq̃ oracles) into a PIOP for PESATQ[X]. The lift also detects
well-definedness violations of the Q[X] oracle probabilistically at query time, removing the need
for explicit Q[X]-constraints enforcing the well-definedness condition. Section 5.1 introduces our
techniques for batching ideal membership constraints and projecting them onto finite fields. Sec-
tion 5.2 defines PESAT and PESATQ[X] and presents the black-box PIOP lift. Section 5.3 presents
the Zinc+ PIOR, together with its completeness and round-by-round knowledge soundness analysis.
Section 5.4 states how to set parameters to obtain a SNARK for UCS.

5.1 Batched ideal checks, projected oracles, and UCS well-definedness

In this section, we provide results and definitions which will later be used to reduce ideal membership
constraints in RELUCS to strict polynomial equalities in Q[X] and Fqi [X], and these to polynomial
equalities over finite fields. We also formalize the projected polynomial oracle, the oracle type used
for every Q[X]- and Fq[X]-oracle in our schemes, and show how the well-definedness condition of
UCS is enforced for free at projected-oracle query time. We first introduce the Extend map.
Extend map. Let P be the set of all prime powers. Throughout the rest of the section, we fix
the extend map

Extend : P→ P, q 7→ q̃,

that maps each prime power q to a sufficiently large power q̃ = q`; see Theorem 5.17 for the precise
requirements. We write q̃ = Extend(q) throughout. Throughout, given a prime power q = pe,
we write pi = char(Fqi) = char(Fq̃i) for the characteristic of the corresponding finite-field branch;
equivalently, qi = peii and q̃i = pei`ii .

5.1.1 Ideal batching

We first give our ideal batching lemma, which captures the fact that with high probability all entries
in a vector v belong to an ideal I if the evaluation of the multilinear extension of v at a random
point belongs to I. This is a consequence of the Schwartz-Zippel lemma over rings (Lemma 3.1),
which follows by looking at membership in I as equality to zero over the quotient ring by I.

Lemma 5.1 (Testing ideal membership in K[X] via one random MLE evaluation). Let K be a
field, and let I ⊆ K[X] be an ideal such that I ∩ K = (0). Let µ ≥ 1, let v : {0, 1}µ → K[X] be a
vector indexed by {0, 1}µ, and let ṽ(Y) ∈ (K[X])[Y] be its multilinear extension (as in (31)). The
following hold:

1. If v(x) ∈ I for all x ∈ {0, 1}µ, then ṽ(r) ∈ I for every r ∈ Kµ.

2. If there exists x0 ∈ {0, 1}µ such that v(x0) /∈ I, then, for every nonempty finite set S ⊆ K,

Pr
r←Sµ

[
ṽ(r) ∈ I

]
≤ µ

|S|
.

The proof is deferred to Appendix A.1.1.
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5.1.2 Projecting from rings to finite fields

We now define the evaluation projections that map polynomials over Fq[X] and Z(p)[X] onto finite
fields, together with their sections (right-inverses). Recall that ιq̃ : Fq → Fq̃ denotes the canonical
embedding of Fq as a subfield of Fq̃, extended coefficient-wise to ιq̃ : Fq[X] → Fq̃[X]. Recall
α ∈ Prim(Fq̃/Fq) iff α does not lie in any proper subfield of Fq̃ containing Fq.
Definition 5.2 (Evaluation projections and sections). Let q = pe be a prime power, write q̃ = q`,
and let a ∈ Prim(Fq̃/Fp). Write κ := [Fq̃ : Fp] = e`.
Projection over Fq[X]. We define the surjective ring homomorphism

ψq,a : Fq[X]→ Fq̃, f(X) 7→ ιq̃(f)(a).

A section of ψq,a is any map σ : Fq̃ → Fq[X] satisfying ψq,a ◦ σ = idFq̃
. We fix the section

ψ−1q,a : Fq̃ → F<`q [X]

defined as follows. Since a ∈ Prim(Fq̃/Fq), the set {1, a, . . . , a`−1} is an Fq-basis for Fq̃, and every
α ∈ Fq̃ has a unique representation α =

∑`−1
k=0 ck · ak with ck ∈ Fq. We set ψ−1q,a(α) :=

∑`−1
k=0 ckX

k.
This is the unique section with image in F<`q [X]. We have ψq,a ◦ ψ−1q,a = idFq̃

, while ψ−1q,a ◦ ψq,a = id

only on the restricted domain F<`q [X] ⊆ Fq[X].
Projection over Z(p)[X]. We extend the projection to polynomials with coefficients in the localiza-
tion ring Z(p) ⊂ Q. Define the surjective ring homomorphism

ψp,a : Z(p)[X]→ Fq̃, f(X) 7→ ιq̃(φp(f))(a),

where φp : Z(p)[X] → Fp[X] reduces coefficients modulo p (mapping a/b ∈ Z(p) to a · b−1 mod p ∈
Fp). This map depends only on the characteristic p and the generator a, not on the prime power q:
for any qj = pej , the maps ψqj ,a and ψp,a coincide on Z(p)[X], since φqj |Z(p)

= ιqj ◦φp and ιq̃◦ιqj = ιq̃.
We use the same notation ψ−1 for a section of ψp,a. We fix the section

ψ−1p,a : Fq̃ → Z<κ(p) [X]

defined as follows. If a ∈ Prim(Fq̃/Fp), the set {1, a, . . . , aκ−1} is an Fp-basis for Fq̃. Every α ∈ Fq̃
has a unique representation α =

∑κ−1
k=0 αk a

k with αk ∈ Fp. For each k, choose a representative
ck ∈ Z satisfying φp(ck) = αk. Set ψ−1p,a(α) :=

∑κ−1
k=0 ckX

k. Any choice of representatives satisfying
φp(ck) = αk yields a valid section; for concreteness, we use the centered representative ck =
ctrp(αk) ∈ {−(p−1)/2, . . . , (p−1)/2}. We have ψp,a ◦ ψ−1p,a = idFq̃

. Neither ψ−1q,a nor ψ−1p,a is a ring
homomorphism.

Note that primitivity over Fp is strictly stronger than primitivity over Fq when e > 1; for prime
q they coincide. Our protocol requires both sections ψ−1q,a and ψ−1p,a to be well-defined for the same
a, which is captured by a ∈ Prim(Fq̃/Fp). While for definitional clarity we define ψ−1q,a and ψ−1p,a
separately above, we sometimes write ψ−1q,a for both; the specific case should always be clear from
context.
Definition 5.3 (Projected polynomial oracle). For a ring K ∈ {Q,Fq′} (with q′ a prime power),
an X-degree bound d ∈ N, and (when K = Q) a bit-length bound B ∈ N, a projected polynomial
oracle [[f̃ ]] is an oracle to a multilinear polynomial f̃ in variables W with |W | = ν. The oracle
accepts queries (u, q, a) where q is a prime power (and q = q′ in the K = Fq′ case), q̃ = Extend(q),
u ∈ Fνq̃ , and a ∈ Prim(Fq̃/Fp) with p = char(q). Following Definition 5.2, the projection ψ has
target Fq̃ in both cases, with ψ−1 a corresponding section. The polynomial type of f̃ , the source
ring and admissible parameterizations of ψ, and the response semantics depend on K:
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• K = Fq′ : We have f̃ ∈ (F<dq′ [X])[W ] and ψq′,a : Fq′ [X] → Fq̃′ . The response to (u, q′, a) is
ψq′,a(f̃(ψ

−1
q′,a(u))) ∈ Fq̃′ .

• K = Q: We have f̃ ∈ (Q<d,B[X])[W ] and ψp,a : Z(p)[X] → Fq̃. The response to (u, q, a) is
ψp,a(f̃(ψ

−1
p,a(u))) ∈ Fq̃ when f̃(ψ−1p,a(u)) ∈ Z(p)[X], and ⊥ otherwise.

Lemma 5.4. Let ψ : R→ R′ be a surjective ring homomorphism. Let n = 2µ and let v ∈ Rn be a
vector and ṽ its multilinear extension. Let ψ̃(v) be the multilinear extension of ψ(v) ∈ R′n. Then,
for any section ψ−1 : R′ →R (i.e. any map such that ψ ◦ ψ−1 = idR′),

ψ(ṽ(ψ−1(u))) = ψ̃(v)(u) for all u ∈ R′µ.

The proof is deferred to Appendix A.1.1.

5.1.3 Enforcing UCS well-definedness

The projection ψp,a : Z(p)[X] → Fq̃ is defined only on the localization ring Z(p)[X] ⊂ Q[X]. A
projected Q[X]-oracle (Definition 5.3) for a multilinear f̃ over Q[X] may therefore return ⊥ on
some queries. The following theorem shows that for a uniformly random query, ⊥ is returned
with overwhelming probability whenever some entry of f̃ ’s underlying vector escapes Z(p)[X]. The
Zinc+ PIOP (Section 5.2) uses this to enforce the UCS well-definedness condition without an
explicit constraint, by translating ⊥ responses into verifier rejection.

Theorem 5.5 (Well-definedness detection via random evaluation). Let p be prime and κ, ν ≥ 1.
Let S ⊆ Z(p) with |S| = p and φp(S) = Fp. Let f̃ ∈ (Q[X])[W], |W| = ν, be multilinear with
f̃ /∈ (Z(p)[X])[W]. Sample zi,k ← S independently for i ∈ [ν], k ∈ {0, . . . , κ − 1}, and set zi :=∑κ−1

k=0 zi,kX
k ∈ Z<κ(p) [X]. Then

Pr
[
f̃(z1, . . . , zν) ∈ Z(p)[X]

]
≤ ν/pκ.

The proof is deferred to Appendix A.1.1.

Remark 5.6. In our schemes, projected Q[X]-oracles are queried at points u uniformly sampled
from Fνq̃ . Setting zi := ψ−1p,a(ui) produces Fp-basis coefficients independent and uniform over Fp, so
Theorem 5.5 bounds the probability that a query whose underlying witness escapes Z(p)[X] returns
a non-⊥ response by ν/pκ.

5.2 The polynomial satisfiability relation with projected oracles

We begin this section by introducing two satisfiability relations. The polynomial equation satisfi-
ability relation PESAT(Fq̃) has both constraints and oracles over the finite field Fq̃. The relation
PESATQ[X](Fq̃) has constraints over Fq̃, but projected oracles over Q[X] and Fq[X], for some q such
that q̃ = Extend(q). We present a black-box PIOP construction of the latter from any PIOP for the
former. In Section 5.4 we combine this with our Zinc+ PIOR, which reduces UCS to a conjunction
of PESATQ[X] instances over different Fq̃i , to obtain a PIOP for UCS from PIOPs for PESATQ[X].

We note our formulation of PESAT is essentially equivalent to the one given in [BCFW25] with
a split witness oracle and no degree bound on the constraint polynomials. The PESAT relation
naturally captures AIR, Plonkish, R1CS, CCS, and more.
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Definition 5.7 (PESAT(Fq̃)). Let q̃ be a prime power. PESAT(Fq̃) consists of all triples (i,x;w)
of the following form.

PESAT(Fq̃) =



i,x;
w



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Index
i =

(
m = 2ν , `, C

)
, C = [Qt]t∈[|C|],

Qt ∈ Fq̃[Y,Z0,Z1], |Y| = `, |Z0| = |Z1| = m,

Input
x = (y, [[̃f0]], [[̃f1]]), y ∈ F`q̃, f̃0, f̃1 ∈ Fq̃[W], |W| = ν

Witness
w = (f0, f1) ∈ Fmq̃ × Fmq̃

Constraints
Qt(y, f0, f1) = 0 for all t ∈ [|C|]



.

Definition 5.8 (PESATQ[X](Fq̃)). Let q be a power of a prime p such that q̃ = Extend(q), and let
a ∈ Prim(Fq̃/Fp). Then:

PESATQ[X](Fq̃) =



i,x;
w



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Index
i =

(
m = 2ν , `, a, d0, B, q, d1, C

)
,

C = [Qt]t∈[|C|], Qt ∈ Fq̃[Y,Z0,Z1],

Input
x = (y, [[̃f0]], [[̃f1]]), y ∈ F`q̃,

f̃0 ∈ (Q<d0,B[X])[W], f̃1 ∈ (F<d1q [X])[W], |W| = ν

Witness
w = (f0, f1), f0 ∈ (Q<d0,B[X])m, f1 ∈ (F<d1q [X])m

Constraints
(i) f0 ∈ (Z(p)[X])m

(ii) Qt(y, ψp,a(f0), ψq,a(f1)) = 0 for all t ∈ [|C|]



.

Constraint polynomial degree and sparsity. While for simplicity we don’t bound the degree
of the constraint polynomials or their sparsity above, many PIOP constructions of interest for
PESAT have prover, verifier, and proof-size complexities that scale with D′t := deg(Q′t) or s′t :=
‖Q′t‖0. To that end, we later show the constraint polynomials Q′t output by the Zinc+ PIOR
inherit sparsity and algebraic-degree bounds from the originating UCS constraint polynomials Qit.
Specifically, we prove deg(Q′t) ≤ degY,Z0,Z1

(Qit) (Lemma 5.15), and ‖Q′t‖0 is at most one plus the
number of distinct (Y,Z0,Z1)-monomials appearing in the support of Qit (Lemma 5.16). Both
inequalities are upper bounds; coefficient cancellations after the projection or row summation may
make actual values smaller.

5.2.1 Lifting standard finite-field PIOPs to support projected oracles

In the Zinc+ PIOR (Section 5.3), one instance of PESATQ[X] is produced per field branch. The
construction below turns any PIOP for PESAT(Fq̃) into a PIOP for PESATQ[X](Fq̃) with no internal
modification: the wrapping verifier forwards each query and response between the inner verifier
and the projected oracles unchanged, except that a ⊥ response triggers immediate rejection.
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Construction 5.9 (PIOP Π′ for PESATQ[X](Fq̃) from PIOP Π for PESAT(Fq̃)). Let Π = (PΠ,VΠ)
be a PIOP for PESAT(Fq̃). Write ψ0 := ψp,a and ψ1 := ψq,a.

Derived instance. Given (i,x) for PESATQ[X](Fq̃) with x = (y, [[̃f0]], [[̃f1]]), let (̄i, x̄) be the
PESAT(Fq̃) instance with ī := (m, `, C) and x̄ := (y, [[̃f0]], [[̃f1]]), reusing the same oracle handles,
with the constraint list C unchanged. To VΠ the oracles in x̄ are presented as Fq̃-polynomial oracles,
with V′ mediating their responses as below.

Prover. P′ runs PΠ on (̄i, x̄; (ψ0(f0), ψ1(f1))) and forwards its messages.

Verifier. V′ runs VΠ, acting as a thin wrapper on its oracle queries: when VΠ queries [[̃fj ]] at
u ∈ Fνq̃ , V′ forwards the query (u, q, a) to the projected oracle and receives a response α ∈ Fq̃∪{⊥}.
If α = ⊥, V′ rejects; otherwise V′ returns α to VΠ. (Since ψq,a is total on Fq[X], ⊥ can occur only
for j = 0.) V′ outputs whatever VΠ outputs.

When constraint (i) of PESATQ[X] holds, Lemma 5.4 gives that on every query u the responses
V′ forwards to VΠ equal ψ̃0(f0)(u) and ψ̃1(f1)(u) respectively, i.e., V′ presents VΠ with exactly the
Fq̃-polynomial oracles for ψ̃0(f0) and ψ̃1(f1).

Remark 5.10 (Single uniform query assumption). For simplicity, in the theorem below we assume
Π makes a single uniformly random query to [[̃f0]] in some round i?. This is true of all sumcheck-
based finite-field PIOPs we are aware of. If Π makes multiple queries including at least one uniformly
random query, standard batching reduces them to a single uniformly random query.

Theorem 5.11. Let Π be a k-round PIOP for PESAT(Fq̃) with completeness error ε and round-
by-round knowledge soundness errors (κ1, . . . , κk) (Definition 3.9). Suppose Π makes a single uni-
formly random query to [[̃f0]] in round i?. Then Π′ (Construction 5.9) is a PIOP for PESATQ[X](Fq̃)
with the same round and query complexity, completeness error ε, and RBR knowledge soundness
errors

κ′i =

max(κi, ν/|Fq̃|) if i = i?,

κi otherwise.

The proof is deferred to Appendix A.1.2.

5.3 The Zinc+ PIOR

The Zinc+ PIOR reduces RELUCS (Definition 4.1) to a conjunction of PESATQ[X] instances R′, one
per field branch, by projecting ideal membership constraints over rings to strict equalities over
finite fields. We index field branches by i ∈ [0, |q|]. Branch 0 corresponds to the random prime
branch Fq0 , where q0 is sampled randomly from prime set P, and q̃0 := q0. This is where our
Q[X]-constraints are projected. Branches i ∈ [|q|] correspond to the fixed finite-field branches Fq̃i ,
where q̃i := Extend(qi) (see Section 5.1), and are where our Fq[X]-constraints are projected. The
construction proceeds in three steps per branch (following the pipeline of Section 2.2):

1. Projection to rings Fq̃i [X]. Rational coefficients are projected via φq̃i := ιq̃i ◦φqi ; finite-field
coefficients are embedded via ιq̃i . For branch 0, if q0 divides any denominator, the verifier
rejects; for other branches this is not a concern as all explicit elements of the index-instance
are type-constrained to Z(q).
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2. Batching ideal constraints to strict equalities. For each constraint, the prover replaces
the 2µ row-wise ideal-membership checks Qit(b,y, f0, fi) ∈ 〈jit〉 for b ∈ {0, 1}µ with the strict
equality eit =

∑
b∈{0,1}µ Qit(b,y, f0, fi) · ẽq(b, ri) at a random ri, where eit is a claimed

prover evaluation. Ideal membership of eit then implies, with high probability over ri, ideal
membership of every row.

3. Evaluation projection to Fq̃i. The verifier samples a primitive element ai and applies ψqi,ai
to project the constraint polynomials and explicit instance y onto Fq̃i . The strict equality
claims over Fq̃i [X] from the previous step reduce to equalities in Fq̃i that hold at ai only if
(with high probability over ai) they hold over Fq̃i [X].

Definition 5.12 (Zinc+ PIOR target relation). R′ consists of all triples (i′,x′;w′) of the following
form.

R′ =



 i
′,
x
′;
w
′



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Index
i
′ = (m, `, n, q0,q,a, B,d,Q

′),
m, `, n,B, ν ∈ N, q0 ∈ P,
For i ∈ [0, |q|] :
qi a prime-power, ai ∈ Prim(Fq̃i/Fpi), di ∈ N,
Q′it ∈ Fq̃i [Y,Z0,Z1] for t ∈ [|C|], |Y| = `, |Z0| = |Z1| = m

Input
x
′ = ((y′i)i∈[0,|q|], [[̃f0]], ([[̃fi]])i∈[|q|]),

y′i ∈ F`q̃i , f̃0 ∈ (Q<d0,B[X])[W], f̃i ∈ (F<diqi [X])[W], |W| = ν

Witness
w
′ = (f0, f1, . . . , f|q|),

f0 ∈ (Q<d0,B[X])m, fi ∈ (F<diqi [X])m for i ∈ [|q|]
Constraints
For i ∈ [0, |q|] :
((m, `, ai, d0, B, qi, di, [Q

′
it]t∈[|C|]), (y

′
i, [[̃f0]], [[̃fi]]), (f0, fi)) ∈ PESATQ[X](Fq̃i)


Conjuncting constraint (i) of PESATQ[X](Fq̃i) (Definition 5.8) across branches recovers the well-
definedness condition of RELUCS (Definition 4.1, constraint (iii)). The reject symbol ⊥UCS := ⊥UCS

is distinct from Rtriv’s accept symbol ⊥; VUCS outputs the pair (⊥UCS,⊥UCS) /∈ LANG(R′) on
rejection.

Algorithm 1 Protocol ΠUCS = (PUCS,VUCS): Zinc+ PIOR from RELUCS to R′

Input: An index and input (i,x) for RELUCS (Definition 4.1). PUCS additionally receives a
witness w such that (i,x;w) ∈ RELUCS. Write

i = (m = 2ν , `, n = 2µ, q, B, d, C = [(Qit, 〈jit〉)]i∈[0,|q|], t∈[|C|]),

x = (y) ∈ (Z<d0,B(q) [X])`,

w = (f0, f1, . . . , f|q|), f0 ∈ (Q<d0,B[X])m, fi ∈ (F<diqi [X])m for i ∈ [|q|].

1: PUCS sends polynomial oracles [[̃f0]], [[̃f1]], . . . , [[̃f|q|]], where f̃0 ∈ (Q<d0,B[X])[W] is the MLE
of f0 and f̃i ∈ (F<diqi [X])[W] is the MLE of fi, with |W| = ν.

2: VUCS samples q0 ← P and ri ← Fµq̃i for i ∈ [0, |q|]. If Q0t, j0t, or y have entries outside Z(q0)[X]
for any t ∈ [|C|], VUCS rejects. % When f0 /∈ (Z(q0)[X])m, the honest prover cannot compute e0t
at step 3 in a way that lies in 〈φq0(j0t)〉, leading to verifier rejection at step 5.
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3: PUCS sends, for each i ∈ [0, |q|] and t ∈ [|C|],

e0t :=
∑

b∈{0,1}µ
φq0(Q0t(b,y, f0)) · ẽq(b, r0) ∈ F<δ0tq0 [X],

eit :=
∑

b∈{0,1}µ
ιq̃i(Qit)(b, φq̃i(y), φq̃i(f0), ιq̃i(fi)) · ẽq(b, ri) ∈ F<δitq̃i

[X],

where the degree bounds δit are as in Eqs. (37) and (38).
4: for i ∈ [0, |q|] and t ∈ [|C|] do
5: VUCS rejects if e0t /∈ 〈φq0(j0t)〉 (i = 0 case), or eit /∈ 〈ιq̃i(jit)〉 (i ∈ [|q|] case).
6: VUCS samples ai ← Fq̃i , rejecting if ai /∈ Prim(Fq̃i/Fpi).
7: VUCS computes

Q′it =
∑

b∈{0,1}µ
ψqi,ai(Qit)(b,Y,Z0,Z1) · ẽq(b, ri)− eit(ai) ∈ Fq̃i [Y,Z0,Z1].

8: VUCS outputs i′i = (m, `, ai, d0, B, qi, di, [Q
′
it]t∈[|C|]) and x

′
i = (ψqi,ai(y), [[̃f0]], [[̃fi]]).

9: end for
10: PUCS outputs w′ = w.

5.3.1 Completeness, round-by-round knowledge soundness, and efficiency

We first present our round-by-round knowledge theorem for Zinc+. We then present our complete-
ness bound as a corollary in terms of the security parameter λ, i.e. we show the requirements
imposed on the prime set P and choice of q̃i to achieve per-round knowledge error 2−λ imply a
certain completeness error dependent on λ. For most instantiations, simply setting λ as desired
for security will provide a sufficiently small completeness error on the order of 2−λ/2. For certain
relations the completeness error vanishes (e.g., integral with constraints over fields of large charac-
teristic); for others rejection sampling can bound the error closer to 2−λ (see discussion below for
tradeoffs).

We additionally present two lemmas related to the efficiency of our reduction, showing the
degree and sparsity of the projected constraint polynomials are upper bounded by the original
constraint polynomials. This is important because many PIOP constructions of interest for PESAT
have prover, verifier, and proof-size complexities that scale with D′t := deg(Q′t) or s′t := ‖Q′t‖0.

For soundness, we must enforce strict upper bounds on the X-degrees of the evaluated constraint
polynomials. For any b ∈ {0, 1}µ, y ∈ (F<d0 [X])`, f0 ∈ (F<d0 [X])m, and fi ∈ (F<di [X])m, we define

degX Q0t(b,y, f0) < δ0t := d0 + (d0 − 1) degY,Z0
(Q0) (37)

degX Qit(b,y, f0, fi) < δit := di + max
M∈supp(Qi)

[
(d0 − 1) degY,Z0

(M) + (di − 1) degZ1
(M)

]
(38)

≤ di
(
degZ1

(Qi) + 1
)
+ d0 degY,Z0

(Qi).

While not enforced in Algorithm 1, our soundness analysis also requires a strict upper bound Beval
0t

on the bitlength of the rational coefficients of an evaluation of Q0t(b,y, f0). In Lemma A.1 we show

Beval
0t ≤ B + degY,Z0

(Q0t) · (B + log d0) + log ‖Q0t‖0 + 1,

noting this bound is enforced by the UCS definition and polynomial oracle typing.
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Theorem 5.13 (Round-by-round knowledge soundness of the Zinc+ PIOR). Assume λ ≥ 80.
Suppose for all q0 ∈ P and all i ∈ [0, |q|]:

|P| ≥ 2λ ·maxt∈[|C|]
(
δ20t ·Beval

0t

)
,

q̃i ≥ 2λ ·max
{
2 log n, maxt∈[|C|] δit

}
.

Then ΠUCS (Algorithm 1) has strong round-by-round knowledge soundness (Definition 3.12) with
errors κ1 = κ2 = 2−λ.

We defer the proof to Appendix A.1.3.

Corollary 5.14 (Completeness of the Zinc+ PIOR). Under the hypotheses of Theorem 5.13, ΠUCS

is complete (Definition 3.7) with error

ε ≤ Nrat ·B
2λ · λ ·maxt(δ20t ·Beval

0t )
+

∑
i∈[|q|]
κi>1

∑
d|κi
d<κi

pd−κii ,

where Nrat := d0

(
`+m+ |C|+

∑
t∈[|C|] ‖Q0t‖0

)
counts the rational coefficients of y, f0, the ideal

generators, and the constraint polynomials, each scaled by the degree bound d0, with ‖Q0t‖0 counting
the monomials of Q0t in (K,Y,Z0) that have nonzero Q[X]-coefficient, and κi := [Fq̃i : Fpi ].

We defer the proof to Appendix A.1.3.

On rejection sampling and perfect completeness. In the completeness bound, the second
term generally dominates. This term bounds the probability that any sampled ai fails to be a
primitive element of the extension Fq̃i/Fpi . When all fields have large characteristic it disappears.
Otherwise, assuming 2 divides [Fq̃i : Fpi ] whenever q̃i > pi, it’s ≈ 2λ/2.

The protocol samples from Fq̃ rather than using rejection sampling to sample from Prim to
prioritize recursion-friendliness. Even sampling uniformly from Fq̃ in constant time is not possible
in practice, and practitioners usually accept a small bias in the sampling to achieve constant time
(e.g., following RFC 9380). Our system as written supports constant-time sampling from Prim
using this established method and accepting the associated completeness error, with the caveat
that, of course, our proofs assume the ai are sampled uniformly. Using rejection sampling, an
expected polynomial-time verifier could ensure each ai ∈ Prim at the cost of recursion-friendliness.

The smaller first term bounds the probability that the random prime q0 divides a denominator
in the instance, witness, or constraint coefficients. This term vanishes when the denominators of
(admissible) y, f0, j0t, or Q0t have absolute value strictly less than the smallest prime in P (e.g.,
when integral).

Projection preserves constraint polynomial sparsity and degree. We present the afore-
mentioned results bounding the degree and sparsity of the projected constraint polynomials.

Lemma 5.15 (Algebraic-degree preservation). For each (i, t) with i ∈ [0, |q|] and t ∈ [|C|], the
projected constraint polynomial Q′it produced by ΠUCS satisfies

deg(Q′it) ≤ degY,Z0,Z1
(Qit).

Proof. The projection ψqi,ai acts on X-coefficients only and preserves algebraic support. Boolean
substitution K = b projects onto (Y,Z0,Z1), the weight ẽq(b, ri) is scalar, row summation aggre-
gates monomials, and subtracting eit(ai) adds a constant—none increase degY,Z0,Z1

.
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Lemma 5.16 (Sparsity preservation). For each (i, t) with i ∈ [0, |q|] and t ∈ [|C|], the projected
constraint polynomial Q′it produced by ΠUCS satisfies

‖Q′it‖0 ≤ 1 +
∣∣{(Y,Z0,Z1)-monomials in supp(Qit)}

∣∣.
Proof. Boolean substitution K = b collapses K-monomials with the same (Y,Z0,Z1)-projection,
bounding post-substitution sparsity by the number of distinct (Y,Z0,Z1)-projections in supp(Qit).
The projection ψqi,ai and row summation over b ∈ {0, 1}µ can only further reduce sparsity. Sub-
tracting the scalar eit(ai) adds at most one constant monomial.

5.4 A SNARK for UCS

To obtain a SNARK for UCS, two additional ingredients are needed: a finite-field PIOP for each
PESAT(Fq̃i) instance (e.g., any sumcheck-based PIOP for CCS, AIR, or R1CS), and IOPPs for
projected multilinear evaluation over both Q[X] and finite fields (such as those provided by Zip+
for Q[X], Section 6). The PIOP-to-IOP compilation of Theorem B.2 assembles these into an IOP,
which then yields a SNARK in the random oracle model via the BCS-style pipeline described in
Section 3.3.2.

The following theorem states the parameter constraints that arise from the Zinc+ PIOR and
its interaction with the input primitives. These input primitives may impose additional constraints
on Zinc+ PIOR parameters (such as structural requirements on the moduli, e.g. multiplicative
subgroups of specific order, when the IOPPs are instantiated with Reed–Solomon-like codes), and
their per-round knowledge errors may depend on Fq̃ and parameters in the UCS index i or projected
PESAT indices ī′i.

We restrict the PESATQ[X] PIOPs constructed via Construction 5.9 to commit-and-prove (CP)
form: each Π′i proves a statement about polynomial oracles handed to it by Algorithm 1, with all
prover messages explicit rather than oracles. This satisfies Theorem B.2’s structural interface, and
is the natural form anyway.

Theorem 5.17 (Compiled IOP for UCS). Let λ′ := λ+dlog2(|q|+ 1)e. For each i ∈ [0, |q|], let Πi
be a CP-PIOP for PESAT(Fq̃i) (Definition 5.7), let Π′i be its lift via Construction 5.9, and let ΠΣ

be the PIOP that runs the protocol of Algorithm 1 and then runs Π′0, . . . ,Π
′
|q| in parallel. Suppose:

1. Each Πi has per-round RBR knowledge soundness error at most 2−λ′ and satisfies the single-
uniform-query hypothesis of Theorem 5.11.

2. For every final IOPP round j in the invocation of the compiler of Theorem B.2 on ΠΣ, the
sum of the round-j RBR knowledge errors over all final IOPP instances generated by the
compiler is at most 2−λ.

Assume that the prime set P and prime powers q̃i satisfy the hypotheses of Theorem 5.13 and
additionally

|Fq̃i | ≥ 2λ
′
ν for every i ∈ [0, |q|],

and that the out-of-domain error introduced by Theorem B.2 satisfies εood ≤ 2−λ.
If kPIOR is the round count of Algorithm 1 and ki is the round count of Π′i, then

kΣ = kPIOR + max
i∈[0,|q|]

ki

is the round count of ΠΣ. With the auxiliary-slot witness convention of Remark 3.10, ΠΣ has
knowledge-state-form RBR knowledge soundness with per-round error at most 2−λ.
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Applying Theorem B.2 to ΠΣ yields an IOP for RELUCS with per-round RBR knowledge sound-
ness error at most 2−λ.

We defer the proof to Appendix A.1.4.

6 Zip+: an IOPP for constrained codes over polynomial rings
In this section, we present our IOPP, Zip+. To be compatible with the PIOPs in Zinc+, our IOPP
must test proximity to a constrained code over K[X], where the constraints are given by what we
call projected multilinear evaluations. To be more precise, given a witness w ∈

(
K<d[X]

)k2×k1 ,
which we view as a matrix, a projected multilinear evaluation of w is obtained by first projecting
w from K<d[X] to some finite field K′ via a suitable map, ψ, and then evaluating the multilinear
evaluation of the resulting matrix, ψ̃(w), at some point z ∈ K′µ, where µ is such that 2µ = k1k2
(here we are assuming the dimensions k2, k1 are powers of 2).

When K = Q, then we may project Q[X] to any finite field Fm, provided w ∈ Z(p), where p is
the characteristic of Fm. When K is a finite field, we only allow for projections from K[X] to K,
and in this case we also only deal with prime fields, K.

In this section, we build up to the full IOPP for projected multilinear evaluations in three steps.
In the first part, we give an IOPP for inner product constrained interleaved codes. This part

deals with witnesses W ∈ Kk2×k1 and the constraints are of the form Wv = a for a ∈ Kk1 and
v ∈ Kk2 . When K = Q, we allow for constraints of the form φm(W )v = a where v ∈ Fk1m , a ∈ Fk2m
and m is a prime.

In the second part, we handle tensor evaluation constraints over witnesses W ∈
(
K<d[X]

)k2×k1 .
These constraints are of the form uT2Wu1 = α for u1 ∈ Kk1 , u2 ∈ Kk2 and α ∈ K. Similarly, when
K = Q, we allow for constraints of the form uT2 φm(W )u1 = α where u1 ∈ Fk1m , u2 ∈ Fk2m and α ∈ Fm.
The main difference compared to the first part is the fact that the witness contains polynomial,
rather than only scalar, entries. In the d = 1 case, the two parts are essentially the same.

Finally, in the last part, we handle projected multilinear evaluation constraints. Here the
witness is W ∈

(
K<d[X]

)k2×k1 , but now the constraints are of the form ψ̃(W )(z) = α for z ∈ K′µ
and α ∈ K′, and ψ is a projection from K[X] to some finite field K′. When K is a finite field, we
only allow for projections from K[X] to K and when K = Q we can project to any finite field Fm
as long as W ∈ Z(p) where p is the characteristic of Fm.

6.1 An IOPP for codes over Q with Inner Product Constraints over a finite
field or Q

We start by giving a simple Brakedown-like IOPP for inner-product constrained interleaved codes,
that is, interleaved codes whose underlying message satisfies an inner-product constraint. For our
purposes, we will also allow the constraint to be taken modulo m for some (large) prime m.

More formally, our IOPP is an IOP for the following proximity relation, which we call the
constrained interleaved code proximity relation.

Definition 6.1 (Constrained interleaved code proximity relation). The constrained interleaved code
proximity relation RELCIC is the set of all triples (i,x;w) where the index is

i = (M,Bcode, n, k, J,B, β, (u, a,m))

consisting of a linear code generator matrix M ∈
(
Q<Bcode

)n×k, a number of rows parameter J , a
bitsize bound B ∈ N, a proximity parameter β ∈ [0, 1], and a constraint given by (u, a,m). Here,
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m ∈ N is a prime modulus for the t-th constraint (where m = 0 means no modular reduction),
u ∈ Fk is the constraint vector, and a ∈ FJm is the target value for the constraint. When m = 0, we
abuse notation and write Fm = Q.

The input is x = ([[v1]], . . . , [[vJ ]]), where each vj ∈ Qn and [[vi]] denotes oracle access to vi.
Let V be the J × n matrix with rows v1, . . . , vJ . The witness is w = (w1, . . . , wJ) ∈

(
(Q)k

)J
and

likewise let W be the J × k matrix with rows w1, . . . , wJ . We have (i,x;w) ∈ RELCIC if and only
if the following hold

(i) φm(W )u = a where the equality is in FJm,

(ii) dist(WMT , V ) ≤ β where we view WMT and V as length-n vectors over the alphabet QJ .

(iii) W ∈
(
Q<B

)J×k, i.e., each entry of W has bitsize less than B.
Recall in condition (i) above that φm(W ) is obtained by reducing the entries of W modulo

m. Hence, if W contains an entry not in Z(m), then φm(W ) is undefined and condition (i) is not
satisfied.

In words, the relation RELCIC consists of all inputs which are close to interleaved-encodings of
bounded bitsize witnesses that satisfy the given inner product constraints specified by the index.
We remark that our IOP for RELCIC will not have perfect completeness for all witness-index pairs
in the relation, but only for pairs where 1) the witness satisfies a stricter bitsize bound, and 2) the
oracles are the actual encodings for the witness (rather than only close to the actual encodings).
Typical IOPPs are similar in that they are also IOPs for a proximity relation where perfect com-
pleteness only holds for index-witness pairs satisfying condition 2). Having condition 1) for perfect
completeness is unique to our setting working over the rationals however, and it is due to bitsize
considerations. In order to reject witnesses that violate some bitsize bound, we can only guarantee
perfect completeness for witnesses that satisfy a stricter bitsize bound, B0 < B. This bound is
derived from our protocol parameters.

Our IOP for RELCIC (Definition 6.1) is described below. The protocol takes in two protocol
parameters C,K ∈ N which determine the bitsize for the verifier’s random coefficients and the
number of spot-check queries, respectively.

Algorithm 2 Protocol ΠCIC(K,C): IOPP for the relation RELCIC (one constraint case).
Input: P and V receive an index i = (M,Bcode, n, k, J,B, β, (u, a,m)) as in Definition 6.1, and

x = ([[v1]], . . . , [[vJ ]]).
Additionally, C,K ∈ N are protocol parameters where C is a number of spot-checks parameter
and K is a bitsize parameter for the verifier’s random coefficients. We assume that the honest
prover holds a witness w = (w1, . . . , wJ) ∈

((
Q<B0

)k)J , where B0 ∈ N is the smaller bitsize
bound for the completeness case satisfying

6JB0 + (6J + 1)K + 3 log(J) + 1 = B. (39)

Throughout the protocol, the verifier truncates all of the oracle outputs so that they are in
Q<2k(B0+Bcode)+log k, and hence we may assume vj ∈

(
Q<2k(B0+Bcode)+log k

)n for each j ∈ [J ].
We remark that this bitsize is chosen so that the oracles for the honest prover are not truncated
and perfect completeness is unaffected for the honest prover.

1: V chooses r1, . . . , rJ ∈ [2K ] uniformly and sends them to the prover. Set

v∗ =

J∑
j=1

rj · vj .

58



2: P responds with w ∈
(
Q<2J(B0+K)+log(m)

)k. The honest prover sends w∗ =
∑J

j=1 rj ·wj so that
Mw∗ = v∗ and φm(w

∗) · u = α∗, where α∗ =
∑J

j=1 φm(rj) · aj .
3: V first checks if

φm(w) · u = α∗,

and if not rejects, sends ⊥ to the prover, and terminates the protocol. If the equality holds,
then V chooses C indices `1, . . . , `C ∈ [n] and checks

(v∗)`i = (Mw)`i ∀i ∈ [C].

To obtain the `i-th entry of v∗, V queries the `i-th entry of vj for each j ∈ [J ]. If any of the C
equalities does not hold, V rejects; otherwise, V accepts.

Theorem 6.2. Let i = (M,Bcode, n, k, J,B, β, (u, a,m)) be an index for RELCIC (Definition 6.1),
and let K,C ∈ N be the chosen parameters for Algorithm 2. Suppose M generates a code over Q
which satisfies MCA up to distance β with respect to [2K ] with error errpg(M,β,K), and suppose CJ
is (L, β)-list decoding. Let B0 ∈ N be a bound on the bitsize of the witness entries in the completeness
case given by Eq. (39), and assume either m = 0 or m > max(2B0 , 2K). Then ΠCIC(K,C) in
Algorithm 2 is a two-round IOPP for the relation RELCIC with the following guarantees.

• Completeness. If (i,x;w) ∈ RELCIC with x = (v1, . . . , vJ) and w = (w1, . . . , wJ) ∈((
Q<B0

)k)J satisfying Mwj = vj and φm(wj) · u = aj for all j ∈ [J ], then the verifier
accepts with probability 1.

• Round-by-Round Knowledge Soundness (Definition 3.9) with errors (err1, err2), where

err1 = (J − 1) · errpg(M,β,K) +
L

2K−1
and err2 = (1− β)C .

Proof. We verify the properties of Algorithm 2. We show all of the properties except for round-
by-round knowledge soundness, which is shown in Appendix A.2.1. The round complexity and
query complexity are easy to see. For completeness, suppose (i,x;w) ∈ RELCIC. Then, it is
straightforward to check that:

• for each j ∈ [J ], vj =Mwj ∈
(
Q<2k(B0+Bcode)+log k

)n,

• with probability 1 over r1, . . . , rJ that the message from the honest prover, w =
∑J

j=1 rjwj ,
in step 2 satisfies the inner product constraints, φm(w) · u = α∗ and w =

∑J
j=1 rjwj ∈(

Q<2J(B0+K)+log(J)
)k. Note that by Lemma 6.9 (stated and proved later) with probability 1,

the honest prover’s w∗ has entries with bitsize 2J(B0 + k) + log(J) + 1 as required in step 2.

If both items above hold, it is clear that the spot checks in Step 3 pass with probability 1. The
proof of round-by-round knowledge soundness is deferred to Appendix A.2.1.

6.2 An IOPP for codes over K<d[X] with Tensor Constraints over prime fields
or Q

In this section, we extend from inner-product constraints to tensor constraints. Given a witness
matrix W ∈

(
K<d[X]

)k2×k1 , a tensor constraint is of the form uT2Wu1 = α for some constraint
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vectors u1 ∈ Kk1 , u2 ∈ Kk2 and some target value α ∈ K. We remark that in this section, we also
allow the witness to have polynomial entries, rather than only scalar entries as in the prior section.
Reducing from tensor constraints to inner product constraints is straightforward, and the main
difference between the protocol we present here versus Algorithm 2 is the presence of polynomial
entries in the witness matrix. In the d = 1 case, the IOPP of this section is almost exactly the
same as Algorithm 2.

The relation which we construct an IOP for is the following.

Definition 6.3 (Tensor Constrained Interleaved Code Proximity Relation). The tensor constrained
interleaved code proximity relation over field K (which is either a prime finite field or Q), RELTE,K
is the set of all triples (i,x;w) where the index is

i = (M,Bcode, n, k1, k2, d, B,m, β, (u1, u2, α,m))

where M ∈
(
K<Bcode

)n×k1 is a generator matrix; d ∈ N is a degree bound on witness entries over
K[X]; B ∈ N is the bit-size bound for coefficients of witness entries; β ∈ [0, 1] is the proximity
parameter; and (u1, u2, α,m) defines a tensor constraint. In the tensor constraint, m ∈ {0} ∪ N
is a prime modulus (with m = 0 meaning no modular reduction), u1 ∈ Fk1m and u2 ∈ Fk2m are
vectors defining the bilinear form for the constraint (where we abuse notation to let F0 = Q) and
α ∈ F<dm [X] is the target value for the constraint.

When K is a prime field, we ignore all bit-size bounds and furthermore the relation is invalid
unless all the moduli are m = |K| (i.e., we only handle constraints over K when the witness is over
K).

The input is x = ([[v1]], . . . , [[vk2 ]]) where each vi ∈
(
K<d[X]

)n and the witness is w =

(w1, . . . , wk2) ∈
(
K<d[X]

)k2×k1 . We let V be the k2 × k1 matrix with rows v1, . . . , vk2 and we
let W be the k2 × k1 matrix with rows w1, . . . , wk2 . Then, (i,x;w) ∈ RELTE,K if and only if:

(i) uT2 φm(W )u1 ≡ α (mod m),

(ii) dist(WMT , V ) ≤ β where we view WMT and V as length n vectors over
(
K<d[X]

)k2 ,

(iii) W ∈
(
K<d,B[X]

)k2×k1 .

If the witness is over Q and contains any entry with denominator divisible by m, then the
instance is not in the relation, as the modular reduction in condition (i) is not well defined.

Remark 6.4. While Definition 6.3 is described over both finite fields and Q, in this section, we
focus on building IOPPs for RELTE,Q. Over finite fields, IOPPs for RELTE,K can be obtained
either by a straightforward adaptation of the IOPP we describe here or by adapting other known
code-based IOPPs over finite fields.

We now describe the IOP for the tensor constrained relation RELTE (Definition 6.3).

Algorithm 3 Protocol ΠTE(K,C): IOPP for batched tensor constrained interleaved codes
(one-constraint case).
Input: P and V receive an index i = (M,Bcode, n, k1, k2, d, B,m, β, (u1, u2, α,m)) as in Defini-

tion 6.3. Assume the honest prover holds a valid witness w = (w1, . . . , wk2) ∈
(
Q<d,B0 [X]

)k2×k1 ,
where B0 < B is a stricter bitlength bound defined by

Bagg := 2d(B0 +K) + log(d) + 1 satisfies B = 3Bagg +K + 1. (40)
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Additionally, K,C ∈ N are parameters determining the number of bits in the verifier’s random
coefficients and the number of spot-checks, respectively.
Throughout the protocol, the verifier truncates all of the oracle outputs so that they are in
Q<d,B1 [X] where B1 = 2k1(B0 + Bcode) + log(k1) + 1. We remark that for the honest prover,
all of the oracle outputs are indeed in Q<d,B1 [X].

1: V chooses coefficients γ0, . . . , γd−1 ∈ [2K ] uniformly at random and sends them to the prover.
2: Let us decompose vj =

∑
i<d v

(i)
j ·Xi for v(i)j ∈

(
Q<d

)n, wj =
∑

i<dw
(i)
j ·Xi for w(i)

j ∈
(
Q<d

)k1 ,
and α =

∑
i<d α

(i) ·Xi for α(i) ∈ Fm. In words, v(i)j is the i-th coefficient vector of vj , w(i)
j is

the i-th coefficient vector of wj , and α(i) is the i-th coefficient of α.
Set α∗ =

∑
i<d φm(γi)α

(i) ∈ Fm. Let v∗j =
∑

i<d γiv
(i)
j ∈ Qn, w∗j =

∑
i<d γiw

(i)
j ∈ Qk2 for each

j ∈ [k2], and let W ∗ ∈
(
Q<d(B0+K)+log(d)

)k2×k1 be the matrix with rows w∗1, . . . , w∗k2 .
3: P responds with a ∈ Fk2m . The honest prover responds with an a such that φm(W ∗) · u1 = a.
4: V checks that u2 · a = α∗, where this equality is over Fm. If not, V rejects and the protocol

terminates. If the check passes, P and V run Algorithm 2 (ΠCIC) on the derived instance for
RELCIC given by:

iCIC = (M,Bcode, n, k1, k2, B
′, β, {(u1, a,m)}), xCIC = [[v∗1]], . . . , [[v

∗
k2 ]] and wCIC = (w∗1, . . . , w

∗
k2).

where B′ := 6k2Bagg + (6k2 + 1)K + 3 log(k2) + 1 and Bagg is as in Eq. (40). In the IOPP, V
simulates a query to [[v∗j ]] by querying [[vj ]] and taking the suitable linear combination of the
output’s coefficients.

5: V accepts if and only if the ΠCIC verifier accepts.

Theorem 6.5. Let i = (M,Bcode, n, k1, k2, d, B, β, (u1, u2, α,m)) be an index for RELTE,Q (Defi-
nition 6.3), and let K,C ∈ N be the chosen parameters for Algorithm 3. Suppose M generates a
code C which satisfies MCA up to distance β with respect to [2K ] with error errpg(M,β,K), and
suppose Ck2 is (L, β)-list decodable. Let B0 ∈ N be a bound on the bitsize of the witness entries in
the completeness case given by Eq. (40), and assume either m = 0 or m > max(2B0 , 2K). Finally,
suppose Algorithm 2 (ΠCIC(K,C)) has round-by-round knowledge soundness errors

(errCIC1 (K,C, iCIC,xCIC), err
CIC
2 (K,C, iCIC,xCIC)),

where iCIC,xCIC are the index and input as derived in step 5. Then Algorithm 3 is an IOP for the
relation RELTE,Q with the following guarantees.

• Round Complexity. 1 + rdCIC, where rdCIC is the round complexity of ΠCIC(K,C).

• Completeness. If (i,x;w) ∈ RELTE,Q with x = ([[v1]], . . . , [[vk2 ]]) and w = (w1, . . . , wk2) ∈(
Q<d,B0 [X]

)k2×k1 such that WMT = V , where V ∈
(
Q<d[X]

)k2×n is the matrix with rows
v1, . . . , vk2 and W ∈

(
Q<d,B0 [X]

)k2×k1 is the matrix with rows w1, . . . , wk2 then the verifier
accepts with probability 1.

• Round-by-Round Knowledge Soundness (Definition 3.9).(
(d− 1)errpg(M,β,K) +

L

2K−1
, errCIC1 (K,C, iCIC,xCIC), err

CIC
2 (K,C, iCIC,xCIC)

)
.

Proof. The round complexity is straightforward to see. For the completeness, suppose the honest
prover has a witness w = (w1, . . . , wk2) as in the completeness case described above and let W be
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the matrix with rows w1, . . . , wk2 . Let W ∗ and a be as in step 4. By the assumption from the
completeness case, the honest prover can send a = φm(W

∗)u1 and this a passes the verifier’s check
in step 5. Furthermore, one can check that W ∗MT = V ∗ and by Lemma 6.9 and the assumption on
W ’s bitsizes from the completeness case, W ∗ satisfies, with probability 1, the bitlength requirement
of the completeness case in Theorem 6.2 with index i for RELCIC. This concludes the analysis of
completeness. We defer round-by-round knowledge soundness to Appendix A.2.2.

6.3 An IOPP for codes over Q<d[X] with Multilinear Evaluation Constraints
over arbitrary finite fields

In this section we consider IOPPs for constraints given by multilinear evaluations over an extension
field. We consider witnesses W ∈

(
K<d[X]

)k2×k2 similar to the previous section, except now the
constraints are on the projection of the witness W to a finite field K′. It will be convenient to split
our discussion into the case where K = Q and the case where K is a finite field. We start with the
latter since it is simpler.

Over Finite K. In this case the type of projections we allow are only from K[X]→ K. Here, we
use the ring homomorphism ψq,ζ : K[X]→ K from Definition 5.2 where q = |K| and ζ ∈ K. Recall
that this projection evaluates a K[X] element at X = ζ. For W ∈

(
K<d[X]

)k2×k2 , we consider
constraints of the form ˜ψq,ζ(W )(z) = γ for z ∈ Kµ and γ ∈ K.

Over Q. In this case we allow for projections of the witness to any finite field Fq. Recall from
Definition 5.2 that for any Fq with characteristic p, there is a ring homomorphism Z(p)[X] → Fq,
which we denote ψq,ζ , obtained by localizing coefficients into Fp and then evaluating at ζ ∈ Fq.
Hence, for W ∈

(
Q<d[X]

)k2×k2 , we consider constraints of the form ˜ψq,ζ(W )(z) = γ for z ∈ Fµq and
γ ∈ Fq.

For simplicity, we will assume that one suitable ζ has been chosen for each field size q and hence
we will drop the ζ from the subscript and only write ψq. Note that this implies that if q = pκ,
where p is the characteristic of Fq, then 1, ζ, . . . , ζκ−1 form an Fp basis of Fq.

Furthermore, we will abuse notation and use ψq to refer to both the homomorphism from
Z(p)[X]→ Fq, and from Fq[X]→ Fq, where it will be clear from context which we are referring to.

Before proceeding, it will be helpful to also define the inverse map ψ−1q : Fq → Z<κ(p) [X] which
maps α ∈ Fq to the unique polynomial ψ−1q (α) ∈ Z<κ(p) [X] such that ψq(ψ−1q (α)) = α. We naturally
extend both ψq and ψ−1q to a map from vectors over Fq to vectors over Z<κ(p) [X] by applying ψ−1q
coordinate-wise.

Definition 6.6 (Projected multilinear evaluation constrained interleaved code proximity relation).
The Projected MLE constrained proximity relation RELPMLE,K is the set of all triples (i,x;w) where
the index is

i = (M,Bcode, n, k1, k2, d, B,m, β, (z, α, q)) ,

where M ∈ Kn×k1 is a generator matrix for a code C ⊆ Kn; n ∈ N is a code length; k1, k2 ∈ N
are dimensions such that k1k2 = 2µ for some µ ∈ N; d ∈ N a degree bound on witness coefficients
over K[X]; B ∈ N the bit-size bound for witness coefficients; β ∈ [0, 1] the proximity parameter;
and constraints given by (z, α, q). For each constraint, q is the size of an extension field Fq with
characteristic that we denote by p; z ∈ Fµq is the evaluation, and α ∈ Fq is the target value.
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The input is x = [[V ]] = ([[v1]], . . . , [[vk2 ]]), where V ∈
((

K<d[X]
)k2)n and we think of vj ∈ Kn

as the j-th row of V . The witness is w = (w1, . . . , wk2) ∈
(
K<d[X]

)k2×k1 . We have (i,x;w) ∈
RELPMLE,K if and only if:

(i) ψ̃q(W )(z) = α, where W is the matrix with rows given by w1, . . . , wk2 ,

(ii) dist(WMT , V ) ≤ β.

(iii) W ∈
(
K<d,B[X]

)k2×k1 .

We remark that in the case K is a finite field, we only allow for q = |K| in item (i) above and
we ignore the bitsize bounds and in particular item (iii) above. When K = Q, we assume that
condition (i) is not satisfied if W /∈ Z(p)[X]k2×k1 where p is the characteristic of Fq (similar to in
Definition 6.1 and Definition 6.3).

Remark 6.7. The RELPMLE relation captures the projected polynomial oracle abstraction (Defini-
tion 5.3): an IOPP for RELPMLE realizes such an oracle, with the witness bounds d,B matching the
oracle’s type bounds and the constraint ψ̃q(W )(z) = α encoding a single query. An IOPP rejection
covers invalid claims, including the undefined-projection case represented by ⊥.

We fix an extension field Fq throughout this section and let p be its characteristic. It will be
helpful to state a basic but key fact which allows us to express multilinear evaluation constraints
over an extension field as a quadratic form with vectors from Q<κ[X]. Fix z ∈ Fµq , and let u1 ∈ Fk1q
be the vector indexed by eq(b; z1) for b ∈ {0, 1}k1 and let u2 ∈ Fk2q be the vector indexed by eq(a; z2)

for a ∈ {0, 1}k2 , where z1 and z2 are the first k1 and last k2 coordinates of z, respectively. Then,
for any W ∈

(
Q<d,B[X]

)k2×k1 , we have

ψ̃q(W )(z) = uT2 · (ψq(W ) · u1) = ψq(ψ
−1
q (u2)

T ·W · ψ−1q (u1)). (41)

In the case where K = Q, the above only holds when W ∈ Z(p)[X]k2×k1 as otherwise the projection
ψq(W ) is not well-defined.

Algorithm 4 Protocol ΠPMLE(K,C,P): IOP for RELPMLE,Fq

Input: P and V receive an index

i = (M,Bcode, n, k1, k2, ϕ,B, β, (z, α, q))

and input
x = ([[v1]], . . . , [[vk2 ]])

as in Definition 6.6. Suppose q is a degree-κ extension over Fp where p is the characteristic of
Fq. The honest prover holds

W ∈ (Q<d,B0 [X])k2×k1

such that ψ̃q(W )(z) = α and WMT = V where W and V are matrices with rows w1, . . . , wk2
and v1, . . . , vk2 respectively. Here B0 is a bit-length bound for the completeness case defined by

Bagg := 2d(B0 +K) + log(d) + 1 satisfies B = 3Bagg +K + 1. (42)
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the same as in Algorithm 3. Additionally K,C ∈ N are protocol parameters where C is a
number of spot-checks parameter, K is a bitsize for the verifier’s random prime. Finally, the
parameter P is a set of prime numbers each of bitsize at least K.
Throughout the protocol, the verifier truncates all of the oracle outputs so that they are in
Q<d,B1 [X] where B1 = 2k1(B0 + Bcode) + log(k1) + 1. We remark that for the honest prover,
all of the oracle outputs are indeed in Q<d,B1 [X].

1: Let u1 ∈ Fk1q and u2 ∈ Fk2q be defined as in (41) for the point z ∈ Fµq and let u′1 = ψ−1q (u1) ∈
([0 . . . p− 1]<κ[X])k1 ⊆ (Q<κ[X])k1 and u′2 = ψ−1q (u2) ∈ ([0 . . . p− 1]<κ[X])k2 ⊆ (Q<κ[X])k2 .

2: P responds with a ∈ Q<d+2κ−1,2(B0+log p)+log(dk1k2)[X]. The honest prover sends a = u
′T
2 Wu′1,

where this equality is over Q[X].
3: V checks if ψq(a) = α, where this equality is over Fq. If not, V rejects. Note, in particular,

that if some entry in a has a coefficient not in Z(p) then ψq(a) is undefined and the verifier also
rejects.
If the check passes, the verifier samples a random prime m ∈ P and ξ ∈ Fm, and sends (m, ξ)
to the prover.

4: P responds with a′ ∈ F<dm [X]. The honest prover sends a′ = ψm,ξ(u
′
2)
Tφm(W )ψm,ξ(u

′
1). Here,

the equation is in the prime field Fm, and recall φm(W ) ∈ F<dm [X] is obtained by reducing the
coefficients of entries in W modulo m.

5: V checks if ψξ,m(a′) = ψξ,m(a) where this equality is in the prime field Fm. If the equality does
not hold, the verifier rejects. Otherwise, P and V run ΠTE(K,C) on the derived instance

iTE =
(
M,Bcode, n, k1, k2, B

′, β, {(ψm,ξ(u′1), ψm,ξ(u′2), a′,m)}
)
, xTE = ([[v1]], . . . , [[vk2 ]]),

6: V accepts if and only if the derived ΠTE,K(K,C) verifier accepts.

We show that Algorithm 4 is an IOPP for RELPMLE,Q, i.e. the K = Q case of Definition 6.6.
The case where the witness is over a finite field K 6= Q is similar.

Theorem 6.8. Fix an extension field Fq of degree κ over Fp where p is the characteristic of q and
let

i = (M,Bcode, n, k1, k2, ϕ,B, β, (z, α, q)),

and suppose the code C generated by M is such that Cdk2 is (L, β) list-decodable. Suppose ΠTE(K,C)
is an IOP for RELTE with round complexity rdTE and round-by-round knowledge soundness

(errTE1 (K,C), . . . , errTErdTE(K,C))

. Then ΠPMLE(K,C,P) is an IOP for RELPMLE,Q with the following guarantees.

• Round complexity. 1 + rdTE,

• Completeness. Suppose (i,x;w) ∈ RELPMLE,K with w = W ∈
(
Q<d,B0 [X]

)k2×k1 and
WMT = V . Then the verifier accepts with probability 1.

• Round-by-round knowledge soundness.
(
Lε, errTE1 , . . . , errTErdTE

)
, where ε = d+2κ

2K
+dB+κ log(p)

K2K
.

Proof. The round complexity is immediate from the protocol.
For completeness, suppose (i,x;w) ∈ RELPMLE,Fq with witness W satisfying as described in

the completeness case. Then one can check that the honest prover’s messages indeed satisfy the
equality checks in steps 3 and 5. It remains to check that W satisfies the completeness case of
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Theorem 6.5 with index and input as in step 5. First, by the completeness case here, we have that
V = (v1, . . . , vk2) satisfies V = WMT . Next, the bitsize bounds for W are the same here as in
Theorem 6.5, and finally the tensor constraint a′ ≡ ψm,ξ(u′2)Tφm(W )ψm,ξ(u

′
1) (mod m) due to the

honest prover’s response in step 4.
We conclude by checking round-by-round knowledge soundness. After the verifier’s message in

step 3, the knowledge state, KState1 and extractor are as follows. Given transcript τ = (b,m, ξ),
we have KState1(i,x, τ,w) = 1 if and only if w = W ∈

(
Q<d[X]

)k2×k1 for W such that the
equality check in Step 3 passes, W is a valid witness for the derived RELTE-instance in Step 4.
Namely, this means V = WMT , W ∈

(
Q<d,B0 [X]

)k2×k1 , a′ = ψm,ξ(u
′
2)
Tφm(W )ψm,ξ(u

′
1), where

this equality is over Fm. The extractor is the trivial one which simply outputs the knowledge
witness, E1(i,x, τ,w) = w. Fix a W such that dist(WMT , V ) ≤ β and note that by the list-
decodability of Cdk2 , there are at most L such W ’s. Here, we are viewing each coefficient vector of
V as an interleaving, so that V is viewed as a (purported) dk2 wise interleaved encoding.

The following, combined with a union bound over all L possible witnesses, is sufficient for
showing round-by-round knowledge soundness,

Pr
ξ∈[2K ],m∈P

[(i,x,W ) /∈ RELPMLE ∧ (iTE,xTE) ∈ RELTE ∧ ψq(a) = α] ≤ d+ 2κ

2K
+
dB + κ log(p)

K|P|
.

It remains to prove the above for a fixed W . First note that if (i,x,W ) /∈ RELPMLE then the
probability above is clearly 0, so we assume this is not the case. Then the event above can occur
only if the following holds. There exists W ′ ∈

(
Q<d,B0 [X]

)k2×k1 such that dist(W ′MT , V ) ≤ β,
u

′T
2 W

′u′1 6= a′, and φm,ξ(u
′T
2 W

′u′1) = φm,ξ(a
′). We bound the probability over m, ξ of this occurring.

First, note that both u
′T
2 W

′u′1 and a′ are in Q<d+2κ,2(B0+log p)+log(dk1k2)[X]. Then, the probability
that they are not equal over Q[X] but are equal after reducing modulo a prime m of at least K
bits is at most

2(B0 + log p) + log(dk1k2)

K|P|
,

and conditioned on this, the reduced polynomials are equal at ξ ∈ Fm with probability at most
(d+2κ)/2K by the Schwartz-Zippel lemma. Overall, this shows that the round-by-round knowledge
soundness error is at most d+2κ

2K
+ 2(B0+log p)+log(dk1k2)

K|P| for this step.
Finally, the round-by-round knowledge soundness of the remaining rounds follows from the

observation that for any w such that KState1(i,x, τ,w) = 0, we have (i(TE),xTE,w) is not in the
derived relation RELTE for any prover message sent in step 4. Hence, in step 5 we may define
the knowledge state to be membership in RELTE with the derived index and input, and have the
extractor be the trivial extractor. The remainder of the round-by-round knowledge soundness
follows from that of ΠTE(K,C) in Theorem 6.5.

6.4 Random Linear Combinations of Rational Numbers

In this section we show necessary lemmas regarding random linear combinations of rational num-
bers. Similar results are shown in [Gar+25; GWHD25], but there the results are tailored for IOPPs
where the honest prover only uses integral witnesses. For our purposes, we will also want to allow
for provers who use bounded degree rational witnesses and hence more results on the bitlengths of
random linear combinations of rational numbers are needed.

Our first lemma bounds the bitlength of sums of rationals.

65



Lemma 6.9. For any a1, . . . , am ∈ Q, we have

bitlen

(
m∑
i=1

ai

)
≤ log(m) +

(
2

m∑
i=1

bitlen(ai)

)
− min
i∈[m]

bitlen(ai).

In particular, when m = 2 and bitlen(a1), bitlen(a2) ≤ B, we have

bitlen (a1 + a2) ≤ 3B + 1.

Also, as an immediate consequence, if u1, . . . , um ∈
(
Q<B

)
k, then

u1 + · · ·+ um ∈
(
Q<2mB+log(m)

)k
.

Proof. Write ai = pi/qi for coprime integers pi, qi and let ji = log |pi|, j′i = log |qi|, so that
bitlen(ai) = ji + j′i. Then letting J =

∑m
i=1 ji and J ′ =

∑m
i=1 j

′
i,

m∑
i=1

ai =

∑m
i=1 pi

∏
k 6=i qk∏m

k=1 qk
.

Each numerator term satisfies |pi
∏
k 6=i qk| ≤ 2J

′+ji−j′i and |
∏
k qk| ≤ 2J

′ , so bitlen (
∑m

i=1 ai) ≤
log
(∑m

i=1 2
J ′+ji−j′i

)
+ J ′. Now let i ∈ [m] be an index that maximizes ji − j′i. Then

bitlen

(
m∑
i=1

ai

)
≤ J ′ + log(m · 2J ′+ji−j′i)

= 2J ′ + ji − j′i + log(m)

≤ log(m) +

(
2

m∑
i=1

bitlen(ai)

)
− min
i∈[m]

bitlen(ai).

The two consequences are straightforward to see.

Lemma 6.10. For u ∈ Q and r ∈ Z,

bitlen(r · u) ≥ bitlen(u)− bitlen(r).

Proof. Write u = a/b for coprime integers a and b and let c = gcd(b, r). Then, r · u = a·r/c
b/c and

bitlen(r · u) = log(a) + log(r) + log(b)− 2 log(c) ≥ log(a) + log(b)− log(r) = bitlen(u)− bitlen(r),

where we use the fact that |c| ≤ |r|.

The next lemma shows that a random linear combination of two rationals, one of which has
large bitlength, is unlikely to have small bitlength.

Lemma 6.11. For any u, v ∈ Q and B,K ∈ N such that bitlen(u) ≥ 3B +K + 1,

Pr
r∈[2K ]

[bitlen(ru+ v) ≤ B] ≤ 1

2K
.
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Proof. Suppose for the sake of contradiction there are two distinct r1, r2 ∈ [2K ] such that bitlen(r1u+
v), bitlen(r2u + v) ≤ B. Then by Lemma 6.9 bitlen((r1 − r2)u) ≤ 3B + 1 and by Lemma 6.10
bitlen((r1 − r2)u) ≥ bitlen(u)− bitlen(r1 − r2). Together with the fact that bitlen(u) ≥ 3B +K + 1,
we get

3B + 1 + bitlen(r2 − r1) ≥ bitlen(u) ≥ 3B +K + 1,

and
bitlen(r2 − r1) ≥ K.

However, this implies that |r2 − r1| ≥ 2K , which is a contradiction. Hence, there can only be at
most one coefficient r ∈ [2K ] satisfying bitlen(ru+ v) ≤ B and the lemma follows.

The following two lemmas are immediate consequences of Lemma 6.11.

Lemma 6.12. For any positive integers D,B,K and vectors w1, . . . , wD ∈ Qk such that for some
i ∈ [D], wi /∈

(
Q<3B+K+1

)k, the following holds:

Pr
r1,...,rD∈[2K ]

[
D∑
i=1

ri · wi ∈
(
Q<B

)k] ≤ 1

2K
.

Proof. Without loss of generality, let w1 be a vector not in
(
Q<3B+K+1

)k. Choose r2, . . . , rD ∈ [2K ]
first and set w′ = r2 · w2 + · · ·+ rD · wD. By Lemma 6.11, for any choice of r2, . . . , rD, we have

Pr
r1∈[2K ]

[r1w1 + w′ ∈
(
Q<B

)k
] ≤ 1

2K
,

and the lemma follows.

Finally, we have the following lemma which states that if a rational number has denominator
divisible by a large prime, then any random linear combination involving it is also likely to have
denominator divisible by that prime. This lemma will be useful when we want to constrain a
rational code using constraints modulo some large prime.

Lemma 6.13. Let u ∈ Q be a rational number such that u = a/b for coprime integers a and b,
and suppose p | b. Then for any v ∈ Q and M ∈ N such that M ≤ p, we have

Pr
r∈[M ]

[v + ru has denominator not divisible by p] ≤ 1

M
,

where in the probability above we mean the denominator of v + ru when written in simplest form.

Proof. Write v = c/d for coprime integers c and d. Also let us write b = pib′ where i is the largest
integer such that pi|b and p - b′, and similarly let us write c = pjc′ and d = p`d′ so that pj and
p` are the largest powers of p dividing c and d respectively. Note that p - a because a and b are
coprime.

Then, for any r ∈ [M ] we have

v + ru =
bc+ r · ad

bd
=
pi+jb′c′ + r · p`ad′

pi+`b′d′
.

Now let r1, r2 ∈ [M ] be two distinct coefficients such that both v+r1u and v+r2u have denominator
not divisible by p. Then pi+` | pi+jb′c′ + rs · p`ad′ for each s ∈ {1, 2}, and hence

p`ad′(r1 − r2) ≡ 0 (mod pi+`).
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Since a, d′ are not divisible by p and i > 0 by assumption, it follows that p | (r1 − r2). Since
|r1 − r2| ≤ M − 1 < p, it follows that r1 = r2, and there can only be one coefficient r ∈ [M ] such
that v + ru has denominator not divisible by p. Hence, the probability above is at most 1/M and
the lemma follows.

7 IPRS codes: general radix algorithms and proofs
In this section we provide the general radix-r IPRS encoding algorithm, and the corresponding
formal definition of IPRS codes, complementing the radix-2 description in Section 2.3. We also
state and prove Theorem 7.3, a general-radix version of Theorem 2.14, and provide the full proof
of Lemma 2.12.

7.1 General IPRS encoder

The IPRS encoder follows the recursive, divide-and-conquer structure of a radix-r FFT, but exe-
cutes all arithmetic over the rationals without any modular reduction.

We identify elements of F = Fq with their centered integer representatives: define ι : F → Z
by sending each field element to the unique integer in {−(q − 1)/2, . . . , (q − 1)/2} congruent to it
modulo q. Recall that φq : Z → F denotes the reduction map modulo q, extended entrywise to
vectors; we also extend φq to Q by mapping a/b 7→ φq(a)/φq(b) when gcd(b, q) = 1.

Algorithm 5 Rational FFT (IPRS encoder)

Parameters. A prime q and a field F with q elements; a code rate ρ; integers γ ≥ 1, β ≥ 1,
k ≥ 0; a code dimension m := 2γ+βk and code length n := m/ρ; a primitive n-th root of unity
ω ∈ F; an evaluation domain L = (1, ω, ω2, . . . , ωn−1); a radix r := 2β; a base-case size m0 := 2γ ;
the lifting map ι : F→ Z and the reduction map φq : Q→ F. We assume n is a power of two and
n divides q − 1.
Pre-computed constants. The following are fixed before encoding:

• Twiddle factors: For each power ωj ∈ F, the lifted integer ι(ωj) ∈ Z, j ∈ [n].

• Base-case matrix entries: The entries ι(ωij) of the lifted base-case Vandermonde matrix,
j ∈ [0 ..m0 − 1], i ∈ [0 .. n− 1].

Input. A message x = (x0, . . . , xm−1) ∈ Qm.
Output. The IPRS encoding EncIPRS(x) ∈ Qn.
Algorithm

1: function RatFFT(x, ω, n)
2: if |x| ≤ m0 then
3: For each i ∈ [0 .. n− 1], compute yi ←

∑
j∈[0 ..m0−1] xj · ι(ω

ij) over Q.
4: return (y0, . . . , yn−1)
5: else
6: Decompose x into r = 2β messages x0, . . . ,xr−1 of length m/r each, corresponding to the de-

composition of the polynomial f(X) =
∑m−1

i=0 xiX
i with coefficients x into r sub-polynomials

of degree < m/r:

f(X) =

r−1∑
s=0

Xs · fs(Xr), where fs(Y ) :=

m/r−1∑
t=0

xtr+s Y
t.
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7: Recursively compute RatFFT(xs, ω
r, n/r) for each s ∈ {0, . . . , r− 1}. The evaluation domain

for each recursive call is the set of (n/r)-th powers {1, ωr, ω2r, . . .}.
8: Butterfly. Combine the r recursive results. For each i ∈ [0 .. n− 1], compute

yi ←
r−1∑
s=0

ι(ωis) · fs(ωir) over Q.

9: return (y0, . . . , yn−1)
10: end if

Crucially, no modular reduction is performed at any step of the encoding, even though the
twiddle factors and base-case matrix entries are initially lifted from a finite field. The encoding
itself consists purely of rational additions and multiplications (which becomes integer arithmetic
when the input is integral).

7.2 Formal definition and properties of IPRS codes

We are ready to define general IPRS codes and to state their properties. Throughout this subsection,
‖·‖∞ denotes the `∞ norm.

Definition 7.1 (Integer Pseudo Reed–Solomon (IPRS) code, general definition). Assume the pa-
rameters and notation of Algorithm 5. The Integer Pseudo Reed–Solomon encoder EncIPRS : Qm →
Qn is the Q-linear map obtained by executing Algorithm 5. The Integer Pseudo Reed–Solomon
code associated to these parameters is

IPRSβ,γ [F,L,m] :=
{
EncIPRS(x) | x ∈ Qm

}
⊆ Qn.

Note that IPRS codes are not Reed–Solomon codes: indeed, their codewords have a priori little
relation to polynomial evaluations over Z (albeit they are polynomial evaluations when reduced
modulo q).

We now state the lifting lemma underlying our construction and the general properties of IPRS
codes.

Lemma 7.2 (Restatement of Lemma 2.12: lifts of linear codes preserve dimension and distance).
Let q be a prime, let Cq ⊆ Fnq be a linear code of dimension k over Fq, and let Mq ∈ Fn×kq be a
generator matrix of Cq. Let M̂q ∈ Zn×k be any integer matrix obtained by lifting each entry of Mq

to an integer representative. Then

CQ[M̂q] :=
{
M̂q · x

∣∣ x ∈ Qk
}
⊆ Qn

is a linear code over Q of dimension k and minimum distance at least the minimum distance of Cq.

Proof. Assume towards contradiction that the maximal minors of M̂q are zero in Q. Then all
maximal minors of Mq are zero in Fq, hence Mq does not have full rank k in Fq, contradicting
the fact that Mq is a generator matrix of Cq. Thus M̂q has full rank k over Q, and CQ[M̂q] has
dimension k.

To prove the claim about minimum distance, consider first x ∈ Zk \ {0} (as opposed to x ∈
Qk \ {0}) and write x = qtx′ with t ≥ 0 maximal, so that x′ ∈ Zk and x′ is not the zero vector
modulo q. Then M̂q · x = qtM̂q · x′ has the same Hamming weight as M̂q · x′. Let x̄′ ∈ Fkq denote
x′ reduced modulo q. The reduction of M̂q · x′ modulo q equals Mq · x̄′ modulo q. The latter is
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a nonzero codeword of Cq (since Mq has full rank k over Fq and x̄′ 6= 0 in Fq). Since reduction
modulo q can only decrease Hamming weight, wt(M̂q · x) = wt(M̂q · x′) ≥ wt(Mq · x̄′), and since
x̄′ 6= 0, the latter is at least the minimum distance d(Cq) of Cq. Here we use wt to denote Hamming
weight, and d(Cq) to denote the minimum distance of Cq.

For a general x ∈ Qk \ {0}, let D ∈ Z be the least common multiple of the denominators of
the entries of x (in lowest form), so that Dx ∈ Zk \ {0}. Then M̂q · x = 1

DM̂q · Dx, and since
Dx 6= 0, the previous case gives wt(M̂q ·Dx) ≥ d(Cq). Scaling by 1/D does not change the support,
so wt(M̂q · x) = wt(M̂q ·Dx) ≥ d(Cq).

Theorem 7.3 (Properties of IPRS codes, general radix; generalization of Theorem 2.14). Assume
the parameters and notation of Algorithm 5, and let d denote the recursion depth of the encoder, so
that m = m0 · rd. The code IPRSβ,γ [Fq,L,m] is a linear code over Q of dimension m, blocklength
n, and minimum relative distance δ = 1−m/n+ 1/n. Moreover, for each x ∈ Qm,

‖EncIPRS(x)‖∞ ≤ ‖x‖∞ · (q/2)
d+1 ·m.

Proof. We establish two claims: (1) IPRSβ,γ [Fq,L,m] is a lift of RS[Fq,L,m], in the sense of
Lemma 2.12, and hence inherits its dimension and distance by that lemma; (2) the norm bound
holds.

Dimension and minimum distance. Since EncIPRS performs recursively only additions and mul-
tiplications by fixed integer constants (the lifted twiddle factors ι(ωj) and base-case Vandermonde
entries), it is a Q-linear map. Hence there exists a matrix M̂q ∈ Zn×m such that EncIPRS(x) = M̂q x
for all x ∈ Qm.

We claim that
φq(EncIPRS(x)) = EncRS(φq(x)) for all x ∈ Zm, (43)

where EncRS : Fmq → Fnq denotes the standard radix-r FFT encoder for RS[Fq,L,m] (using the same
parameters as in the statement of the theorem) and φq : Z→ Fq is reduction modulo q. To see this,
observe that φq is a ring homomorphism, so it commutes with the additions and multiplications
performed during the FFT recursion. Moreover, every lifted twiddle factor satisfies φq(ι(ωj)) = ωj ,
and similarly for the base-case Vandermonde entries. Therefore, reducing each intermediate value
modulo q at every step of EncIPRS recovers exactly the computation of EncRS, which yields (43).

Now, EncRS(y) = Vq y where Vq is the n × m Vandermonde matrix with (j, i)-entry ωji, a
generator matrix of RS[Fq,L,m]. Applying (43) to the standard basis vectors ei ∈ Zm (for which
φq(ei) = ei since q ≥ 2) gives φq(M̂q ei) = Vq ei for each i, and so φq(M̂q) = Vq. Hence M̂q is an
integer lift of Vq in the sense of Lemma 7.2, and so IPRSβ,γ [Fq,L,m] = CQ[M̂q] in the notation
of Lemma 7.2. By Lemma 2.12, IPRSβ,γ [Fq,L,m] has dimension m and minimum relative distance
at least 1−m/n+ 1/n, the same as RS[Fq,L,m].

Norm bound. We prove by induction on the recursion depth d that, when the encoder is run with
base-case dimension m0 and radix r at depth d on a message x ∈ Qmd of dimension md := m0 · rd,

‖EncIPRS(x)‖∞ ≤ ‖x‖∞ · (q/2)
d+1 ·md.

Setting d to the actual recursion depth gives md = m and recovers the bound in the statement.
Base case (d = 0). The encoder performs a direct matrix–vector multiplication with the n0×m0

lifted base-case Vandermonde matrix, where n0 = m0/ρ. Each entry of this matrix has magnitude at
most (q−1)/2 < q/2, and each row hasm0 nonzero entries. Hence ‖EncIPRS(x)‖∞ ≤ m0·(q/2)·‖x‖∞,
matching the claim for d = 0.
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Inductive step. At depth d ≥ 1, the message x ∈ Qmd is split into r messages x0, . . . , xr−1 ∈
Qmd−1 , each satisfying ‖xs‖∞ ≤ ‖x‖∞. Each message is encoded recursively at depth d − 1. By
the induction hypothesis, the recursive outputs x′0, . . . , x′r−1 ∈ Qn/r satisfy∥∥x′s∥∥∞ ≤ ‖x‖∞ · (q/2)d ·md−1 for all s ∈ {0, . . . , r − 1}.

The butterfly stage combines them as

yi =

r−1∑
s=0

ι(ωis) · (x′s)i mod n/r.

Since ι(ω0) = 1 and |ι(ωis)| ≤ (q − 1)/2 < q/2 for s ≥ 1,

‖y‖∞ ≤
∥∥x′0∥∥∞ + (r − 1)(q/2) ·max

s≥1

∥∥x′s∥∥∞ ≤ (
1 + (r − 1)(q/2)

)
· ‖x‖∞ · (q/2)

d ·md−1.

Since 1 + (r − 1)(q/2) ≤ r · (q/2) for every r ≥ 2 and q ≥ 2, we obtain

‖y‖∞ ≤ r · (q/2) · ‖x‖∞ · (q/2)
d ·md−1 = ‖x‖∞ · (q/2)

d+1 ·md,

completing the induction.

7.3 Open questions

Reed–Solomon codes over finite fields are known to enjoy remarkable properties in the context
of SNARK systems: among others, they achieve Mutual Correlated Agreement (MCA) up to the
Johnson bound [Hab25; BCGM25]. On the other hand, general linear codes over finite fields are
only known to achieve MCA up to the so-called 1.5 Johnson bound [Zei24]. In Section 6 we
generalize the latter result to Q .

We pose the following question:

Question 7.4 (MCA up to the Johnson bound for IPRS codes (informal)). Let IPRSβ,γ [F,L,m] be
an IPRS code as in Definition 7.1. Then IPRSβ,γ [F,L,m] achieves MCA up to the Johnson bound
1−

√
m/n.

A related question is whether IPRS codes are algorithmically (efficiently) list-decodable up to
the Johnson bound, as RS codes are.

Question 7.5. Let IPRSβ,γ [F,L,m] be an IPRS code as in Definition 7.1. Let q′ > q be a prime
different from q. Consider a new code over Fq′ defined as the image of the IPRS encoder EncIPRS
modulo q′. What is the minimum distance of the resulting code?

The above is motivated by the following scenario: assume one wishes to or must work on a large
prime field Fq′ , but on the other hand the witness elements are significantly smaller than q′. A
problem with using RS codes in this setting is that encoded witnesses suffer a large norm blowout,
similarly to naïvely using RS codes over Z, as discussed in Section 2.3. One may instead use an
IPRS code, as the variation defined above, with a small base field and small depth, and retain small
norm increases while still having an FFT encoder. However, we do not know whether the resulting
code has good minimum distance.
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8 Arithmetization case study: SHA-256 + ECDSA verification
In this section we arithmetize the computation consisting of hashing a message with the SHA-256
hash function, and verifying an ECDSA signature over the message digest, over the secp256k1
curve.

We begin by describing a specific subclass of the UCS relation, which we call Universal AIRs
with lookups (UAIR+), and then show how to express the aforementioned computation as a UAIR+

instance.

8.1 Universal AIR with lookups (UAIR+), a specialization of UCS

The general definition of UCS (cf. Sections 2.1 and 4.1) is designed to be as general and all-
encompassing as possible. In practice, we expect practitioners to use more restricted subclasses of
UCS, e.g. AIR-like or R1CS/CCS-like subsets of UCS (expressed over multiple rings, with ideal
membership predicates, and with lookups). In this section we describe one such subclass, which we
call Universal AIRs with lookups (UAIR+).

UAIR+ is an AIR-like [Sta21] relation that: 1) allows having multiple traces typed in different
rings of the form Q[X],Fq1 [X], . . . ,Fq|q| [X], 2) allows the use of columns from the trace over Q[X] as
columns in the traces over Fqi [X] (after projecting them with the morphism φqi : Z(qi)[X]→ Fqi [X]),
and 3) expresses transition constraints as ideal membership constraints, instead of strict equalities.

UAIR+ does not introduce new expressive power relative to UCS: any UAIR+ instance can be
written as a UCS instance (cf. Lemma 8.6). We focus on UAIR+ in this paper because it aligns
well with the use-case we consider, i.e. SHA-256 and ECDSA. However, working with an R1CS-like
or CCS-like subclass of UCS would also be perfectly reasonable.

Definition 8.1 (UAIR+ relation). The relation RELUAIR+ consists of all triples (i,x;w) of the
following form.
Index. An index i

i = (n, c,q, B,d, C,S),

where n ≥ 1 is the number of rows, c ≥ 1 is the number of columns, q = (q1, . . . , q|q|) is a tuple of
prime powers, B is a bit-size bound, d = (d0, . . . , d|q|), C is a tuple of constraints (called transition
constraints, described below), and S is a tuple of lookup sets (also described below).
Input and witness. The public input is a trace (i.e., a matrix) x = y with

y ∈
(
Z<d0,B(q1···q|q|)

[X]
)n×c

.

In practice, the public-input matrix y is sparse (e.g., most entries are zero or a fixed constant),
and the verifier can evaluate the multilinear extensions of each column of y directly without prover
assistance.

The witness is a tuple of traces w = (f0, f1, . . . , f|q|) with

f0 ∈
(
Q<d0,B[X]

)n×c
, fi ∈

(
F<diqi [X]

)n×c for i ∈ [|q|].

Constraints and constraint satisfaction. For a matrix v ∈ {y, f0, f1, . . . , f|q|}, we write vj [k]
for its entry at row k ∈ [n] and column j ∈ [c]. We define the row vector

v[k] := (v1[k], . . . ,vc[k]).
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For a witness matrix fi and a row index k ∈ [n− 1], the shifted row vector is defined as

f↓i [k] := fi[k + 1] = (fi,1[k + 1], . . . , fi,c[k + 1]),

and we set f↓i [n] = 0. Other approaches are possible, see e.g. [Tho24].
Let Y be a tuple of c formal variables representing a row of the public-input matrix (see below).

Let Z0,Z1 be tuples of c formal variables each. We interpret Z0 as a placeholder for a row of the
Q[X]-trace f0 (and its projections under φqi), and similarly for Z1 and the Fqi [X]-trace. We further
let Z↓0,Z

↓
1 be two tuples of c formal variables each, which we interpret as placeholders for the shifted

row vectors f↓0 [k] (possibly under a projection φqi) and f↓i [k], respectively.
The transition constraints C are formed by a tuple

C =
(
(Q0t, I0t), ((Qit, Iit))i∈[|q|]

)
t∈[|C|]

,

where for every t ∈ [|C|] and every i ∈ [|q|],

Q0t ∈
(
Q<d0,B[X]

)
[Y,Z0,Z

↓
0] and I0t ⊆ Q[X] is an ideal,

Qit ∈
(
F<diqi [X]

)
[Y,Z0,Z

↓
0,Z1,Z

↓
1] and Iit ⊆ Fqi [X] is an ideal.

Finally, S = (Sij)i∈{0}∪[|q|], j∈[c] is a collection of column-wise lookup sets satisfying the following
validity conditions for every j ∈ [c] (recall that Z(q1···q|q|) denotes the intersection localization ring
from Eq. (30)):

S0j ⊆ Z<d0,B(q1···q|q|)
[X], Sij ⊆ F<diqi [X] for i ∈ [|q|].

Constraint satisfaction We say that (i,x;w) ∈ RELUAIR+ if all of the following conditions hold.

(i) Transition constraints. For every row index k ∈ [n] and every constraint index t ∈ [|C|],

Q0t

(
y[k], f0[k], f

↓
0 [k]

)
∈ I0t,

and for every k ∈ [n] and every prime power index i ∈ [|q|],

Qit
(
φqi(y)[k], φqi(f0)[k], φqi(f0)

↓[k], fi[k], f
↓
i [k]

)
∈ Iit,

where, recall, φqi : Z(qi)[X] → Fqi [X] is the natural modular reduction from Z(qi)[X] to
Fqi [X].

(ii) Column-wise lookups. For every index i ∈ {0} ∪ [|q|] and every column index j ∈ [c],

set(fi,j) ⊆ Sij ,

where set(fi,j) denotes the set of all entries in the vector fi,j .
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For ease of reference, we restate the definition of RELUAIR+ in Eq. (44).

RELUAIR+ =



i,x;
w



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Index-input-witness
Index
i = (n, c,q, B,d, C,S), q = (q1, . . . , q|q|),

d = (d0, . . . , d|q|),

C =
(
(Q0t, I0t), ((Qit, Iit))i∈[|q|]

)
t∈[|C|]

,

Q0t ∈
(
Q<d0,B[X]

)
[Y,Z0,Z

↓
0], I0t ⊆ Q[X],

Qit ∈
(
F<diqi [X]

)
[Y,Z0,Z

↓
0,Z1,Z

↓
1], Iit ⊆ Fqi [X],

|Y| = |Z0| = |Z↓0| = |Z1| = |Z↓1| = c,

S = (Sij)i∈{0}∪[|q|], j∈[c],

S0j ⊆ Z<d0,B(q1···q|q|)
[X], Sij ⊆ F<diqi [X] for i ∈ [|q|], j ∈ [c],

Input
x = y ∈

(
Z<d0,B(q1···q|q|)

[X]
)n×c

,

Witness
w = (f0, f1, . . . , f|q|),

f0 ∈
(
Q<d0,B[X]

)n×c
, fi ∈

(
F<diqi [X]

)n×c for i ∈ [|q|],

Constraints
Transition constraints
Q0t

(
y[k], f0[k], f

↓
0 [k]

)
∈ I0t,

for all k ∈ [n], t ∈ [|C|],

Qit
(
φqi(y)[k], φqi(f0)[k], φqi(f0)

↓[k], fi[k], f
↓
i [k]

)
∈ Iit,

for all k ∈ [n], i ∈ [|q|], t ∈ [|C|],

Column-wise lookup constraints
set(fi,j) ⊆ Sij for all i ∈ {0} ∪ [|q|], j ∈ [c].



. (44)

We now discuss some extensions to UAIR+ that are conceptually straightforward but notation-
ally tedious. We use both extensions in our arithmetizations but omit them from Definition 8.1 to
keep the notation lighter.

Remark 8.2 (Extension: Shift access to rows). In some applications (e.g., our SHA-256 arithme-
tization) transition constraint polynomials from C need to access not only the immediate successor
rows f↓0 [k], f

↓
i [k], φqi(f0)

↓[k], but also rows at a fixed constant offset. Concretely, for different shift pa-
rameters ∆1, . . . ,∆k ≥ 1, one may allow constraints to depend on elements f0[k], f↓∆1

0 [k], . . . , f↓∆k
0 [k]

(and their projections under φqi), and fi[k], f↓∆1
i [k], . . . , f↓∆k

i [k], where f↓∆[k] is the n × c shifted
trace defined as

f↓∆[k] :=

{
f [k +∆] if k +∆ ≤ n,
0 if k +∆ > n.
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To obtain MLE evaluations of vectors of the form v↓∆ in our PIOP instantiation, we use known
sumcheck techniques to reduce MLE evaluation claims of W̃ ↓∆ to MLE evaluation claims of W̃ , cf.
Section 2.5 and [DP25].

Remark 8.3 (Extension: Lookup constraints on algebraic combinations of columns). The lookup
constraints in Definition 8.1 constrain every column fi,j of every witness trace fi to be in a fixed set
Sij . In practice, it can be convenient to constrain algebraic combinations of different columns of
fi to belong to a set S. For example, one may require that the affine expression α1fi,j1 + α2fi,j2 +
· · ·+ αkfi,jk + β involving the columns j1, . . . , jk of fi is contained in S, for some public constants
α1, . . . , αk, β. See Section 8.2 for a concrete example.

Remark 8.4 (Extenstion: Different trace dimensions). For notational simplicity, we assume the
public-input matrix y has the same number of columns c as the witness matrices. If the public input
has fewer columns, one pads it with zeros without affecting costs. One could instead introduce a
separate parameter cpub specifying the number of public-input columns. Similarly, one could use
different trace sizes per index i ∈ {0} ∪ [|q|].

Remark 8.5 (Extension: Virtual access to column entry-wise bit-operations). Following Sec-
tion 2.1.4, Lemma 2.3, and Remark 2.8, one could have the UAIR constraint accept columns of
the form T (u) where u is a column in the witness trace (or a vector of the form u = f↓∆ for a
witness trace column f , cf. Remark 8.3). As per Lemma 2.3, one can grant virtual MLE access to
these columns from MLE access to u, even after reducing coefficient modulo a prime, in case u is
a vector with entries in Q[X].

We now argue that UAIR+ is a specialization of UCS, and thus that all our protocols for UCS
apply to UAIR+ as well.

Lemma 8.6 (UAIR+ as a specialization of UCS). There is a polynomial-time map sending each
UAIR+ index iUAIR to a UCS index iUCS, and polynomial-time mutually inverse maps Ψ,Ψ−1 on
instance–witness pairs (depending on iUAIR), such that for every x,w,

(iUAIR,x;w) ∈ RELUAIR+ ⇐⇒ (iUCS,Ψ(x,w)) ∈ RELUCS.

Proof. Write iUAIR = (n, c,q, B,d, C,S), x = y, w = (f0, . . . , f|q|), and set m := ` := nc.
Flattening and row-extraction selectors. For any ring R, let flat : Rn×c → Rm be the row-major
flattening flat(v)(k−1)c+j := vj [k], with inverse unflat; both are computable in time polynomial in
nc and commute entry-wise with φqi . Define Ψ(x,w) := (flat(y); flat(f0), . . . , flat(f|q|)) and Ψ−1 by
unflat on each component.

Using the Lagrange basis polynomials Lag[n],k from Eq. (34), define for each j ∈ [c]

Colj(K,Z) :=
∑
k∈[n]

Z(k−1)c+j Lag[n],k(K), Col↓j (K,Z) :=
∑

k∈[n−1]

Zkc+j Lag[n],k(K),

on m variables Z = (Z1, . . . ,Zm). By the defining property of the Lagrange basis, for z = flat(v)
and k ∈ [n],

Colj(k, z) = vj [k], Col↓j (k, z) =

{
vj [k + 1] k < n,

0 k = n,
(45)

matching the UAIR+ convention v↓[n] = 0. Write Col(K,Z) := (Colj(K,Z))j∈[c] and Col↓(K,Z)

similarly, so that Col(k, z) = v[k] and Col↓(k, z) = v↓[k].
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For each t ∈ [|C|] and i ∈ [|q|], define UCS constraint polynomials Q′0t, Q′it by (45):

Q′0t(K,Y
′,Z′0) := Q0t

(
Col(K,Y′), Col(K,Z′0), Col

↓(K,Z′0)
)
,

Q′it(K,Y
′,Z′0,Z

′
1) := Qit

(
Col(K,Y′), Col(K,Z′0), Col

↓(K,Z′0), Col(K,Z
′
1), Col

↓(K,Z′1)
)
,

paired with the same ideals I0t, Iit. By the row-extraction identities and entry-wise commutation
of φqi with flat, evaluating at K = k yields

Q′0t
(
k, flat(y), flat(f0)

)
= Q0t

(
y[k], f0[k], f

↓
0 [k]

)
,

and analogously for Q′it. Hence each UAIR+ transition constraint at row k is equivalent to the
corresponding UCS constraint at the same row.

For each column-wise lookup set(fi,j) ⊆ Sij , apply the algebraic-combination lookup gadget of
Remark 4.4 with selector Colj (acting on flat(fi)) and table Sij . By Eq. (45), the resulting UCS
constraint at row k ∈ [n] holds iff fi,j [k] ∈ Sij . Since S0j ⊆ Z<d0,B(q1···q|q|)

[X], the lookups on f0 subsume
the UCS well-definedness condition (33) (cf. Remark 4.5).

To conclude, set iUCS := (m, `, n,q, B,d, C′), where C′ collects all (Q′0t, I0t), (Q′it, Iit) together
with the lookup constraints above; this index depends only on iUAIR and is computable from it
in polynomial time. The arguments above show that the UCS constraints in iUCS are satisfied by
Ψ(x,w) iff the UAIR+ constraints in iUAIR are satisfied by (x,w), proving both implications.

8.2 SHA-256 compression

In this section we propose an arithmetization of the SHA-256 compression function as a UAIR+

instance.
We emphasize that this arithmetization is not exactly the same as the one we used in our

experiments. Rather, this arithmetization is more “optimal” than the one in our experiments, see
Section 9 for details.

8.2.1 SHA-256 overview and target relation definition

We begin with a brief overview of SHA-256 to establish notation, then formalize the relation we
seek to arithmetize.

For the purposes of SHA-256, a word is a ≤ 32 bit integer. The SHA-256 compression function
receives as input a 512-bit string, represented as sixteen message words (Mt)t∈[16] ∈ [0 .. 232 − 1]16.
The algorithm also uses 64 fixed round constants (Kt)t∈[64] ∈ [0 .. 232 − 1]64. Throughout the rest
of the section, the word size is 32.

For a word x =
∑32−1

i=0 xi2
i ∈ [0 .. 232−1] with bits (x0, . . . , x32−1) ∈ {0, 1}32, bitwise and , right

rotation ROTRr, and right shift SHRr are defined as in Section 3. Bitwise negation is defined by

¬x :=
32−1∑
i=0

(1− xi) 2i = (232 − 1)− x.

We next describe how the SHA-256 compression function operates.
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SHA-256 auxiliary functions. SHA-256 employs six auxiliary functions built from rotations,
shifts, and bitwise operations. For x, y, z ∈ [0 .. 232 − 1], define:

Σ0(x) := ROTR2(x) XOR ROTR13(x) XOR ROTR22(x),

Σ1(x) := ROTR6(x) XOR ROTR11(x) XOR ROTR25(x),

Ch(x, y, z) := (x AND y) XOR (¬x AND z),

Maj(x, y, z) := (x AND y) XOR (x AND z) XOR (y AND z),

σ0(x) := ROTR7(x) XOR ROTR18(x) XOR SHR3(x),

σ1(x) := ROTR17(x) XOR ROTR19(x) XOR SHR10(x).

(46)

Message schedule. At the beginning of the SHA-256 compression function, the sixteen input
message words (Mt)t∈[16] are expanded into a so-called message schedule, which consists of 64 words
(Wt)t∈[64] ∈ [0 .. 232 − 1]64 defined as follows:

Wt :=

{
Mt t ∈ [16],

Wt−16 + σ0(Wt−15) +Wt−7 + σ1(Wt−2) (mod 232) t ∈ {17, . . . , 64}.
(47)

Compression loop. After the message schedule is computed, SHA-256 performs the so-called
compression loop. Throughout it, the function maintains an 8-word internal state, conventionally
labeled as (a, b, c, d, e, f, g, h) ∈ [0 .. 232 − 1]8. The compression loop iterates 64 rounds, each of
which updates this state using the current schedule word Wt and round constant Kt. At each
round t ∈ [64], the state entering that round is denoted (at, bt, ct, dt, et, ft, gt, ht) ∈ [0 .. 232 − 1]8.
Writing (a65, . . . , h65) for the final state (after round 64), the per-round update is given by

T1,t := ht +Σ1(et) + Ch(et, ft, gt) +Kt +Wt (mod 232), (48)
T2,t := Σ0(at) +Maj(at, bt, ct) (mod 232), (49)
at+1 := T1,t + T2,t (mod 232), (50)
et+1 := dt + T1,t (mod 232), (51)

(bt+1,ct+1, dt+1, ft+1, gt+1, ht+1) := (at, bt, ct, et, ft, gt).

The full SHA-256 compression function adds the initial state to the terminal state word-wise modulo
232 (the so-called feed-forward step); we omit this step for brevity. For our purposes, the output of
the compression function is the final state (a65, . . . , h65).

Throughout, we consider UAIR+ instances with extended semantics as discussed in Remarks 8.2
to 8.4.

Remark 8.7 (Shift-register structure). The registers b, c, d, f, g, h are shifted copies of earlier values
of a and e: specifically, bt+1 = at, ct+1 = bt = at−1, dt+1 = ct = at−2, and similarly ft+1 = et,
gt+1 = ft = et−1, ht+1 = gt = et−2. This shift-register structure is important to our arithmetization:
we store only the a and e registers in the trace, recovering all other state registers via shifted row
accesses (cf. Section 8.2.3).
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The relation we want to arithmetize. We now formally define the relation that we want to
express as a UAIR+ instance. We denote this relation by RELSHA256-64 and define it as follows:

RELSHA256-64 :=

i,x;
w



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

i = (Kt)t∈[64],

x =
(
(Mt)t∈[16], (a1, . . . , h1), (a65, . . . , h65)

)
,

w =
(
(Wt)t∈[64], (at, . . . , ht)

65
t=1

)
,

(Wt)t∈[64] satisfies (47), and for every t ∈ [64] :

at+1 ≡ ht +Σ1(et) + Ch(et, ft, gt)
+Kt +Wt +Σ0(at) +Maj(at, bt, ct) (mod 232),

et+1 ≡ dt + ht +Σ1(et) + Ch(et, ft, gt) +Kt +Wt (mod 232),
(bt+1, ct+1, dt+1, ft+1, gt+1, ht+1) = (at, bt, ct, et, ft, gt).


.

(52)

The remainder of this section describes how to express the above relation as a UAIR+ instance.

Background notation We recall some notation introduced in Section 2.1.1. We let ψ32 :
[0 .. 232 − 1] → {0, 1}<32[X] denote the bijection that sends a word to its bit-polynomial repre-
sentative x̂. Concretely, given a word x ∈ [0 .. 232 − 1] with bit decomposition x =

∑32−1
i=0 xi2

i, we
define

x̂ := ψ32(x) =
32−1∑
i=0

xiX
i ∈ {0, 1}<32[X]

and call x̂ the bit-polynomial representative of x. Since x̂(2) = x for every x ∈ [0 .. 232 − 1], we can
recover words from their bit-polynomial representatives via membership constraints to the ideal
(X − 2), as explained in Section 2.1.3.

Finally, we let φ2 : Z[X] → F2[X] denote the natural projection ring homomorphism that
reduces coefficients of integer polynomials modulo 2.

8.2.2 Arithmetizing the compression and message schedule operations

In this section we express the functions in Eqs. (46) and (47), i.e. the core SHA-256 compression and
message schedule functions, as constraints compatible with our relations RELUCS and RELUAIR+.
The characterization is self-contained and does not depend on the register structure of the com-
pression loop; those details are addressed in Section 8.2.3, where we assemble the full 64-round loop
using the results established here.

We begin with a general lemma characterizing rotation as ideal membership.

Lemma 8.8 (Rotation as ideal membership). Let R be a commutative ring, and let 0 ≤ r < 32.
Then for any u, v ∈ R<32[X],

v −X32−r · u ∈ (X32 − 1) ⇐⇒ v = ROTRr(u).

Proof. Assume first v = ROTRr(u). Write u =
∑32−1

i=0 uiX
i. Then

X32−r · u =

32−1∑
i=0

uiX
i+32−r =

r−1∑
i=0

uiX
i+32−r +

32−1∑
i=r

uiX
i+32−r.

In the quotient ring R[X]/(X32−1), we have X32 = 1, so the second sum becomes
∑32−1

i=r uiX
i−r in

R[X]/(X32−1). For the first sum, each exponent i+32−r satisfies 32−r ≤ i+32−r ≤ 32−1 < 32,
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so these terms already have degree less than 32 and remain unchanged. Thus, modulo (X32 − 1),

X32−r · u ≡
32−1∑
i=r

uiX
i−r +

r−1∑
i=0

uiX
i+32−r =

32−1∑
j=0

u(j+r) mod 32X
j = ROTRr(u),

which gives ROTRr(u)−X32−r · u ∈ (X32 − 1).
Now assume v − X32−r · u ∈ (X32 − 1) for v, u ∈ {0, 1}<32[X]. We have v ≡ X32−r · u

(mod X32 − 1). Since deg(v) < 32, the polynomial v is the unique representative of degree less
than 32 of the residue class of X32−r ·u modulo (X32−1). By the previous argument, ROTRr(u) ∈
R<32[X] is also a representative of the same class. Since the representative of degree less than 32
is unique, v = ROTRr(u).

Lemma 8.9 (Arithmetization of Σ0 and Σ1). Let

ρ0(X) := X32−2 +X32−13 +X32−22, ρ1(X) := X32−6 +X32−11 +X32−25 in F2[X]. (53)

Let a, e ∈ [0 .. 232 − 1] with bit-polynomial representatives â, ê ∈ {0, 1}<32[X]. Let ŷΣ0 , ŷΣ1 ∈
{0, 1}<32[X]. Then ŷΣ0 is the bit-polynomial representative of Σ0(a), i.e., ŷΣ0 = Σ̂0(a), if and only
if

φ2(â) · ρ0(X) − φ2(ŷΣ0) ∈ (X32 − 1) in F2[X], (54)

and ŷΣ1 is the bit-polynomial representative of Σ1(e), i.e., ŷΣ1 = Σ̂1(e), if and only if

φ2(ê) · ρ1(X) − φ2(ŷΣ1) ∈ (X32 − 1) in F2[X]. (55)

Proof. We prove the claim for Σ0; the argument for Σ1 is identical.
Forward direction. Since the coefficients of â lie in {0, 1}, reduction modulo 2 commutes with
right-rotation, so φ2( ̂ROTRr(a)) = ROTRr(φ2(â)) in F2[X]. Applying Lemma 8.8 over R = F2 then
yields, for each r ∈ {2, 13, 22},

φ2( ̂ROTRr(a)) − X32−r · φ2(â) ∈ (X32 − 1).

Expanding ρ0 by distributivity in F2[X],

φ2(â) · ρ0(X) = X32−2 · φ2(â) +X32−13 · φ2(â) +X32−22 · φ2(â),

and reducing modulo (X32 − 1) we obtain, in F2[X]/(X32 − 1),

φ2(â) · ρ0(X) ≡ φ2(
̂ROTR2(a)) + φ2(

̂ROTR13(a)) + φ2(
̂ROTR22(a)).

Since XOR on {0, 1} coincides with addition in F2, we have φ2( ̂x XOR y XOR z) = φ2(x̂)+φ2(ŷ)+
φ2(ẑ) in F2[X] for any x, y, z ∈ [0 .. 232 − 1]. Therefore, in F2[X]/(X32 − 1),

φ2(â) · ρ0(X) = φ2(Σ̂0(a)),

as needed.
Converse direction. Assume (54) holds. Euclidean division by the monic polynomial X32−1 shows
that every residue class in F2[X]/(X32−1) has a unique representative of degree less than 32. Since
φ2(ŷΣ0) ∈ F<32

2 [X], it is the unique such representative of the class of φ2(â) ·ρ0(X). By the forward
direction, φ2(Σ̂0(a)) ∈ F<32

2 [X] is also a representative of the same class, so φ2(ŷΣ0) = φ2(Σ̂0(a))
in F2[X]. Finally, the restriction φ2 : {0, 1}<32[X] → F2[X] is injective (reduction modulo 2 is a
bijection on {0, 1}), so we conclude that ŷΣ0 = Σ̂0(a) in Z[X].
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Lemma 8.10 (Arithmetization of Ch). Let e, f, g ∈ [0 .. 232−1] with bit-polynomial representatives
ê, f̂ , ĝ ∈ {0, 1}<32[X]. Let t̂ef , t̂¬e,g ∈ {0, 1}<32[X]. Define 132 :=

∑32−1
i=0 Xi ∈ {0, 1}<32[X], so that

132 − ê = ¬̂e.
Then t̂ef and t̂¬e,g are the bit-polynomial representatives of e AND f and (¬e) AND g, respec-

tively, if and only if
ê+ f̂ − 2t̂ef ∈ {0, 1}<32[X] in Q[X], (56)

and
(132 − ê) + ĝ − 2t̂¬e,g ∈ {0, 1}<32[X] in Q[X]. (57)

Moreover, if (56) and (57) hold, then

Ĉh := t̂ef + t̂¬e,g in Q[X] (58)
lies in {0, 1}<32[X] and equals the bit-polynomial representative of Ch(e, f, g).
Proof. The first two claims follow from (7): for any x, y ∈ [0 .. 232 − 1], a bit-polynomial t̂ ∈
[0 .. 232 − 1] satisfies x̂+ ŷ − 2t̂ ∈ {0, 1}<32[X] if and only if t̂ = ̂x AND y.

For the final claim, recall that Ch(e, f, g) = (e AND f) XOR ((¬e) AND g). Since e and ¬e have
disjoint bit-support (no bit position can be 1 in both), the terms e AND f and (¬e) AND g also
have disjoint bit-support. Therefore, their bitwise XOR equals their integer sum:

(e AND f) XOR ((¬e) AND g) = (e AND f) + ((¬e) AND g) in Q.

Hence ̂Ch(e, f, g) = ̂e AND f + ̂(¬e) AND g ∈ {0, 1}<32[X] in Q[X]. By the first two claims,
(56) and (57) imply t̂ef = ̂e AND f and t̂¬e,g = ̂(¬e) AND g; summing gives Ĉh = ̂Ch(e, f, g) ∈
{0, 1}<32[X].

Lemma 8.11 (Arithmetization of Maj for bit inputs). For all a, b, c, u,m ∈ {0, 1}, we have

a+ b+ c = u+ 2m in Z

if and only if u = a XOR b XOR c and m = Maj(a, b, c).
Proof. Given (a, b, c) ∈ {0, 1}3, the integer sum s := a+ b+ c lies in {0, 1, 2, 3}. There is a unique
decomposition s = u+ 2m with (u,m) ∈ {0, 1}2, namely u := s mod 2 and m := bs/2c. The value
u equals the parity a XOR b XOR c, while m = 1 if and only if at least two of the three bits are 1,
that is, m = Maj(a, b, c).

Lemma 8.12 (Arithmetization of Maj for bit-polynomial inputs). Let a, b, c ∈ [0 .. 232 − 1] with
bit-polynomial representatives â, b̂, ĉ ∈ {0, 1}<32[X]. Let m̂ ∈ {0, 1}<32[X]. Then m̂ is the bit-
polynomial representative of Maj(a, b, c) if and only if

â+ b̂+ ĉ− 2m̂ ∈ {0, 1}<32[X] in Q[X]. (59)
Proof. For each i ∈ {0, . . . , 32− 1}, let ai, bi, ci,mi ∈ {0, 1} denote the i-th coefficients of â, b̂, ĉ, m̂,
respectively. Since addition and scalar multiplication in Q[X] act coefficient-wise, the i-th coefficient
of â+ b̂+ ĉ− 2m̂ equals ai + bi + ci − 2mi ∈ Z. Hence â+ b̂+ ĉ− 2m̂ ∈ {0, 1}<32[X] if and only if,
for every i, there exists ui ∈ {0, 1} with ai + bi + ci = ui + 2mi. By Lemma 8.11, this holds if and
only if mi = Maj(ai, bi, ci) for every i, which is exactly the condition m̂ = ̂Maj(a, b, c).

Remark 8.13 (Lookup-based enforcement of Ch and Maj). The conditions (56), (57), and (59)
are membership constraints of the form “a polynomial lies in {0, 1}<32[X].” In our UAIR+ set-
ting, we enforce these via lookup constraints into the table {0, 1}<32[X] (cf. Section 4.2 and Re-
mark 4.4): since each constraint involves a linear combination of witness polynomials, we use the
linear-combination lookup mechanism described in Remark 8.3.
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Register updates modulo 232 In SHA-256, each round updates certain registers via modular
addition of several terms, cf. Eqs. (48) to (51), and Eq. (47). The following lemma will be used
later to arithmetize such updates. It allows us to express additions of multiple terms in [0 .. 232−1]
and the integer represented by terms in {0, 1}<32[X], modulo 232.

Lemma 8.14 (Modular addition via the (X − 2) bridge). Let m1,m2 ≥ 1. Let y, x1, . . . , xm1 ∈
[0 .. 232 − 1], with ŷ ∈ {0, 1}<32[X] the bit-polynomial representative of y, and let ẑ1, . . . , ẑm2 ∈
{0, 1}<32[X]. Assume there exists µ ∈ [0 ..m1 +m2 − 1] such that

ŷ −
m1∑
j=1

xj −
m2∑
j=1

ẑj + µ ·X32 ∈ (X − 2). (60)

Then y ≡
∑m1

j=1 xj +
∑m2

j=1 ẑj(2) (mod 232).
Conversely, if y ≡

∑m1
j=1 xj +

∑m2
j=1 ẑj(2) (mod 232), then there exists µ ∈ [0 ..m1 + m2 − 1]

such that (60) holds.

Proof. A polynomial p ∈ Q[X] lies in (X − 2) if and only if p(2) = 0. Evaluating (60) at X = 2
yields

ŷ(2)−
m1∑
j=1

xj −
m2∑
j=1

ẑj(2) + µ · 232 = 0 in Q.

Since ŷ(2) = y, this implies the desired congruence modulo 232.
For the converse, let S :=

∑m1
j=1 xj +

∑m2
j=1 ẑj(2) ∈ Z. Since each summand lies in [0 .. 232 − 1],

we have 0 ≤ S < (m1 +m2) · 232. Let µ := bS/232c ∈ [0 ..m1 +m2 − 1]. If y ≡ S (mod 232) with
y ∈ [0 .. 232− 1], then S = y+ µ · 232. Therefore ŷ(2)− S + µ · 232 = 0, so the left-hand side of (60)
vanishes at X = 2 and hence belongs to (X − 2).

The functions σ0 and σ1. We now arithmetize the functions σ0 and σ1. Recall that

σ0(x) = ROTR7(x) XOR ROTR18(x) XOR SHR3(x),

σ1(x) = ROTR17(x) XOR ROTR19(x) XOR SHR10(x).

Similarly as in Lemma 8.9, we define

ρσ0(X) := X32−7 +X32−18, ρσ1(X) := X32−17 +X32−19 in F2[X]. (61)

Lemma 8.15 (Arithmetization of σ0 and σ1). Let x ∈ [0 .. 232 − 1] be a word with bit-polynomial
representative x̂ ∈ {0, 1}<32[X], and let ŷσ0 , ŷσ1 ∈ {0, 1}<32[X]. Then ŷσ0 = σ̂0(x) if and only if

φ2(x̂) · ρσ0(X) + φ2(
̂SHR3(x))− φ2(ŷσ0) ∈ (X32 − 1) in F2[X]. (62)

Similarly, ŷσ1 = σ̂1(x) if and only if

φ2(x̂) · ρσ1(X) + φ2(
̂SHR10(x))− φ2(ŷσ1) ∈ (X32 − 1) in F2[X]. (63)

Proof. We prove the claim for σ0; the argument for σ1 is identical. Similarly as in the proof of
Lemma 8.9, in F2[X],

φ2(x̂) · ρσ0(X) = φ2(x̂) · (X32−7 +X32−18) ≡ φ2( ̂ROTR7(x)) + φ2(
̂ROTR18(x)) (mod X32 − 1).
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Adding φ2( ̂SHR3(x)) to both sides gives

φ2(x̂) · ρσ0(X) + φ2(
̂SHR3(x))

≡ φ2( ̂ROTR7(x)) + φ2(
̂ROTR18(x)) + φ2(

̂SHR3(x)) = φ2(σ̂0(x)) (mod X32 − 1)

in F2[X], since addition in F2 corresponds to XOR. The remainder of the argument follows exactly
as in Lemma 8.9: the ideal membership (62) holds if and only if φ2(ŷσ0) and φ2(x̂) · ρσ0(X) +

φ2(
̂SHR3(x)) agree modulo (X32 − 1), which occurs if and only if φ2(ŷσ0) = φ2(σ̂0(x)) in F<32

2 [X].
By injectivity of φ2 on {0, 1}<32[X], this is equivalent to ŷσ0 = σ̂0(x) in Z[X].

Remark 8.16 (Virtual right-shift columns). In our SHA-256 arithmetization (Section 8.2.3), the
term φ2( ̂SHRr(x)) in (62) and (63) is realized as a virtual column derived from the committed
bit-polynomial column x̂, via Lemma 2.3. No separate witness is committed for ̂SHRr(x).

Once the σ0 and σ1 functions are arithmetized using Lemma 8.15, the message schedule recur-
rence (47) can be enforced using Lemma 8.14. We provide the details in Section 8.2.3.

8.2.3 Full UAIR+ arithmetization of SHA-256

This section presents the complete UAIR+ arithmetization of the SHA-256 compression function.
We construct a UAIR+ index–input–witness triple that belongs to RELUAIR+ if and only if a corre-
sponding triple belongs to our initial target relation RELSHA256-64 (Eq. (52)).

Throughout the section we use bracket notation v[t] to denote the entry of a column vector v
at row t.

Our goal is, given iSHA, to construct a UAIR+ index iUAIR such that for every input-witness
(xSHA,wSHA) such that (iSHA,xSHA;wSHA) ∈ RELSHA256-64 (Eq. (52)), there exists xUAIR,wUAIR such
that (iUAIR,xUAIR;wUAIR) ∈ RELUAIR+, and vice versa. Moreover, the triple (iUAIR,xUAIR;wUAIR)
can be computed from (iSHA,xSHA;wSHA), and vice versa, in polynomial time.

UAIR+ index. Fix a triple (iSHA,xSHA;wSHA) ∈ RELSHA256-64 (Eq. (52)) with

iSHA = (Kt)t∈[64],

xSHA =
(
(Mt)t∈[16], (a1, . . . , h1), (a65, . . . , h65)

)
,

wSHA =
(
(Wt)t∈[64], (at, . . . , ht)

65
t=1

)
.

Here (Kt)t∈[64] are the SHA-256 round constants, (Mt)t∈[16] are the message words, (a1, . . . , h1) and
(a65, . . . , h65) are the initial and final states, (Wt)t∈[64] is the message schedule, and (at, . . . , ht)

65
t=1

is the sequence of internal states. Recall that the word size is 32, so each value lies in [0 .. 232 − 1].
Towards our goals, let iUAIR be a UAIR+ index as follows:

iUAIR = (n, c,q, B,d, C,S),

where:

Prime power tuple q. We set q = (2), i.e. the prime power tuple q consists solely of the prime
2. Accordingly, the UAIR+ will have two trace components: a Q[X]-trace (component 0) and an
F2[X]-trace (component 1).
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Number of rows n. We set n = 65. Among others, row 1 holds the initial state (a1, . . . , h1), rows
t = 2, . . . , 64 hold the intermediate states (at, . . . , ht), and row 65 holds the final state (a65, . . . , h65).

Number of columns c. We set c = 13 for the Q[X]-trace and c = 0 for the F2[X]-trace (see column
descriptions below). The F2[X]-trace carries no committed columns; it is retained only to register
that the relation has constraints over F2[X]. See Remark 8.4 for a discussion of allowing a different
number of columns per trace component.

Bit-size B and degree bounds d = (d0, d1). We set B = 32 and d = (d0, d1) = (32, 32).

Witness The witness wUAIR = (f0, f1) contains f0 ∈ (Q<B,d0 [X])n×13, with f1 being the empty
n× 0 matrix; equivalently, all of the witness is committed in the Q[X]-trace. The 13 columns of f0
have the following intended semantics:

Bit-polynomial columns (10 columns). â, ê, Ŵ , Σ̂0, Σ̂1, M̂aj, ûef , û¬e,g, σ̂0, σ̂1. Each entry of
these columns is constrained to lie in {0, 1}<32[X] ⊂ Q[X] via a lookup constraint. These columns
store the bit-polynomial representatives of the following elements, respectively: the state registers
at and et, i.e., â[t] = ât and ê[t] = êt; the schedule word Wt, i.e., Ŵ [t] = Ŵt for t ≤ 64 (the
entry Ŵ [65] is unconstrained); the bit-polynomial representatives of the auxiliary functions Σ0(at),
Σ1(et), Maj(at, bt, ct); the columns ûef , û¬e,g store the bit-polynomial witnesses used in the arithme-
tization of Ch(et, ft, gt) (cf. Lemma 8.10); and, finally, the columns σ̂0, σ̂1 store the bit-polynomial
representatives of the values taken by the message-schedule functions σ0, σ1.

Integer columns (3 columns). µa, µe, µW . The columns µa, µe, µW store the carry values for
the modular additions in the a-update (50), e-update (51), and message-schedule recurrence (47),
respectively; these take values in [0 .. 6], [0 .. 5], [0 .. 3]. They are lookup-constrained to belong to
some integer range. Any integer range containing [0 .. 6] works, but they must be lookup-constrained
to avoid malicious provers using rational values for µa, µe, µW , as opposed to integers.
The F2[X]-trace f1 has no columns. In an earlier version of this arithmetization, four columns
S0, S1, T0, T1 stored the right-shift quotients of Ŵ used to arithmetize σ0 and σ1. By Lemma 2.3,
SHRr extends to an F2-linear coordinatewise map on F<32

2 [X] that commutes with multilinear
extension; we can therefore treat SHRr(Ŵ ) as a virtual column in our constraints (cf. the discussion
preceding Lemma 2.3), removing the need to commit S0, S1, T0, T1 and the consistency constraints
linking them to Ŵ .

Remark 8.17. The state registers dt and ht do not require dedicated trace columns: by the shift-
register identities (Remark 8.7), dt = at−3 and ht = et−3 for t ≥ 4, and for t ∈ {1, 2, 3} the values of
dt and ht are determined by the initial state (a1, . . . , h1) from the public input via d1 = d1, d2 = c1,
d3 = b1 and h1 = h1, h2 = g1, h3 = f1 (cf. Remark 8.7). We inline the identities dt = at−3 and
ht = et−3 into our constraints for t ≥ 4, and use these base-case substitutions for t ∈ {1, 2, 3}.

Public input The public input is a matrix xUAIR = y ∈ (Q<d0,B[X])n×cpub with cpub = 10
columns. It is organized as follows:

State columns (8 columns). For each register x ∈ {a, b, c, d, e, f, g, h}, y contains a column yx that
is zero except at rows t ∈ {1, 65}, where it takes the following values:

yx[1] =

{
x̂1 if x ∈ {a, b, c, e, f, g},
x1 if x ∈ {d, h},

yx[65] =

{
x̂65 if x ∈ {a, b, c, e, f, g},
x65 if x ∈ {d, h}.
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Message-word column. A column yM ∈ (Q<d0,B[X])65 with yM [t] = M̂t for t ∈ [16] and yM [t] = 0
for t ∈ {17, . . . , 65}.
Round-constant column. A column yK ∈ (Q<d0,B[X])65 with yK [t] = Kt for t ∈ [64] and yK [65] =
0.

Constraints We proceed to describe the constraints C. We let 132 :=
∑32−1

i=0 Xi ∈ {0, 1}<32[X]
and let ρ0, ρ1, ρσ0 , ρσ1 ∈ F2[X] be the polynomials

ρ0(X) := X32−2 +X32−13 +X32−22, ρ1(X) := X32−6 +X32−11 +X32−25,

ρσ0(X) := X32−7 +X32−18, ρσ1(X) := X32−17 +X32−19,

as defined in (53) and (61). Recall that φ2 : Z[X]→ F2[X] is the natural reduction modulo 2.
Σ-functions. The following constraints enforce that the columns Σ̂0 and Σ̂1 of f0 contain the values
Σ0(at) and Σ1(et) for t ∈ [65], by Lemma 8.9:

φ2(â[t]) · ρ0(X)− φ2(Σ̂0[t]) ∈ (X32 − 1), for all t ∈ [65], in F2[X] (64)
φ2(ê[t]) · ρ1(X)− φ2(Σ̂1[t]) ∈ (X32 − 1), for all t ∈ [65], in F2[X] (65)

Ch function. We use Lemma 8.10 to enforce that the columns ûef and û¬e,g contain values such
that

̂Ch(et, ft, gt) = ûef + û¬e,g in Q[X].

For t ≥ 2, we use that ft = et−1 and gt = et−2 (cf. Remark 8.7) and Ch(et, ft, gt) = Ch(et, et−1, et−2).
The corresponding constraints, in the form of lookup constraints, are:

ê[t] + ê[t− 1]− 2ûef [t] ∈ {0, 1}<32[X], for all t ∈ [65] \ {1, 2}, in Q[X] (66)
(132 − ê[t]) + ê[t− 2]− 2û¬e,g[t] ∈ {0, 1}<32[X], for all t ∈ [65] \ {1, 2}, in Q[X] (67)

When t = 1, 2 we use the same constraint, except that ft and gt are substituted with their initial
values from the public input (a1, . . . , h1), see the boundary constraints below, concretely Eqs. (82),
(83), (85) and (86).
Maj function. We use Lemma 8.12 to enforce that the column M̂aj contains values such that

M̂aj[t] = ̂Maj(at, bt, ct) in Q[X].

For t ≥ 3, we use that bt = at−1 and ct = at−2 (cf. Remark 8.7) and Maj(at, bt, ct) = Maj(at, at−1, at−2).
The corresponding constraint, in the form of a lookup constraint, is:

â[t] + â[t− 1] + â[t− 2]− 2M̂aj[t] ∈ {0, 1}<32[X], for all t ∈ [65] \ {1, 2}, in Q[X]. (68)

When t = 1, 2 we use the same constraint, except that bt and ct are substituted with their initial
values from the public input (a1, . . . , h1), see the boundary constraints below, concretely Eqs. (87)
and (88).
Update of the registers a and e. We use Lemma 8.14 to enforce correct updating of the registers a
and e, as per equations Eqs. (50) and (51). For t ≥ 4, we use that dt = at−3 and ht = et−3 (cf.
Remark 8.7) and inline these identities directly into the update. The corresponding constraints
are:

â[t+ 1]−
(
ê[t− 3] + Σ̂1[t] + Ĉh[t] + yK [t] + Ŵ [t] + Σ̂0[t] + M̂aj[t]

)
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+ µa[t] ·X32 ∈ (X − 2), for all t ∈ [64] \ {1, 2, 3}, in Q[X] (69)

ê[t+ 1]−
(
â[t− 3] + ê[t− 3] + Σ̂1[t] + Ĉh[t] + yK [t] + Ŵ [t]

)
+ µe[t] ·X32 ∈ (X − 2), for all t ∈ [64] \ {1, 2, 3}, in Q[X] (70)

When t = 1, 2, 3 we use the same constraints, except that dt and ht are substituted with their
initial values from the public input (a1, . . . , h1) via the shift identities d1 = d1, d2 = c1, d3 = b1
and h1 = h1, h2 = g1, h3 = f1, see boundary constraints below.
Update of the remaining registers. The round update

(bt+1, ct+1, dt+1, ft+1, gt+1, ht+1) = (at, bt, ct, et, ft, gt) (71)

requires no dedicated constraints. For t ≥ 3, we use that bt = at−1, ct = at−2, ft = et−1, gt = et−2,
and for t ≥ 4 that dt = at−3, ht = et−3 (cf. Remark 8.7), and in fact we do not even have witness
columns storing values for the b, c, d, f, g, h registers: the corresponding values are obtained from
the appropriate entries of the columns â and ê, and from the public input when t ∈ {1, 2, 3}
(see below). Using such values instead of values from dedicated witness columns for b, c, d, f, g, h
implicitly enforces the round update (71).

For t ≤ 3, some of the back-references above fall before row 1 of the trace. The registers that
cannot be recovered are precisely c2, d2, g2, h2, d3, h3. For these, we obtain the appropriate values
from the public input (a1, . . . , h1), using the back-references from Remark 8.7 as follows:

t = 2 : c2 = b1, d2 = c1, g2 = f1, h2 = g1,

t = 3 : d3 = b1, h3 = f1.
(72)

Message schedule. We enforce the recurrence

Wt ≡Wt−16 + σ0(Wt−15) +Wt−7 + σ1(Wt−2) (mod 232) for t ∈ {17, . . . , 64}. (73)

The arithmetization consists in:
(i) The σ0 and σ1 functions. Following Lemma 8.15, we arithmetize σ0 and σ1 as

φ2(Ŵ [t]) · ρσ0(X) + φ2(
̂SHR3(W )[t])− φ2(σ̂0[t+ 15]) ∈ (X32 − 1),

for all t ∈ [49] \ {1}, in F2[X], (74)

φ2(Ŵ [t]) · ρσ1(X) + φ2(
̂SHR10(W )[t])− φ2(σ̂1[t+ 2]) ∈ (X32 − 1),

for all t ∈ [62] \ [14], in F2[X]. (75)

where ̂SHR3(W ) and ̂SHR10(W ) are treated as virtual vectors, with access to their MLE’s granted
virtually from access to the MLE of Ŵ , following Lemma 2.3 and Remark 8.5.

In Eqs. (74) and (75) we have indexed rows so that ̂SHRi(W ) is always accessed without shifts in
the row indices, i.e. as ̂SHRi(W )[t] instead of ̂SHRi(W )[t−15] or ̂SHRi(W )[t−2]. This is mainly for
presentation simplicity, to avoid arguing how one can obtain MLE evaluations of vectors of the form
̂SHRi(W )

↓∆
, cf. Remark 8.2 for the notation ↓ ∆. We briefly remark that it is perfectly possible to

do so: one can show that MLE[( ̂SHRi(W ))↓∆] = SHRi(MLE[Ŵ ↓∆]). In our PIOP instantiation, to
obtain MLE evaluations of vectors of the form v↓∆, we use known sumcheck techniques to reduce
MLE evaluation claims of W̃ ↓∆ to MLE evaluation claims of W̃ , cf. Section 2.5 and [DP25]).
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(ii) Modular sum (Lemma 8.14), with carry µW [t].

Ŵ [t]− Ŵ [t− 16]− σ̂0[t]− Ŵ [t− 7]− σ̂1[t] + µW [t] ·X32 ∈ (X − 2), (76)
for all t ∈ [64] \ [16], in Q[X]

Boundary constraints. We also add the following constraints, which are to be applied on a small
number of row indices t ∈ [65].
Initial and final states.

â[1] = ya[1], ê[1] = ye[1], (77)
â[65] = ya[65], ê[65] = ye[65], (78)

â[62]− yd[65] ∈ (X − 2), ê[62]− yh[65] ∈ (X − 2), (79)
â[64] = yb[65], â[63] = yc[65], ê[64] = yf [65], ê[63] = yg[65]. (80)

Eqs. (77) and (78) enforce that the columns â and ê contain the initial and final values of the a and
e registers, respectively. The remaining constraints in Eqs. (79) and (80) enforce that the remaining
registers b, c, d, f, g, h also take their correct final values at row 65, using the shift-register identities
from Remark 8.7.
Message-schedule initialization.

Ŵ [t] = yM [t] for all t ∈ [16]. (81)

Base-case lookup constraints for Ch. We take the constraints from Eqs. (66) and (67) and substi-
tute the back-references to ft and gt with the corresponding initial values from the public input,
concretely f1 → yf [1] and g1 → yg[1] for t = 1, and g2 → yf [1] (cf. Eq. (72)) for t = 2. The
resulting constraints are for arithmetizing Ch(e1, f1, g1):

ê[1] + yf [1]− 2ûef [1] ∈ {0, 1}<32[X], in Q[X], (82)
(132 − ê[1]) + yg[1]− 2û¬e,g[1] ∈ {0, 1}<32[X], in Q[X], (83)

(84)

and for arithmetizing Ch(e2, f2, g2):

ê[2] + ê[1]− 2ûef [2] ∈ {0, 1}<32[X], in Q[X], (85)
(132 − ê[2]) + yf [1]− 2û¬e,g[2] ∈ {0, 1}<32[X], in Q[X]. (86)

Base-case lookups for Maj. Similarly, the constraints from Eq. (68) are modified for t = 1, 2 by
substituting the back-references to bt and ct with the corresponding initial values from the public
input, concretely b1 → yb[1] and c1 → yc[1] for t = 1, and c2 → yb[1] (cf. Eq. (72)) for t = 2. The
resulting constraints are, respectively for t = 1 and t = 2:

â[1] + yb[1] + yc[1]− 2M̂aj[1] ∈ {0, 1}<32[X], in Q[X], (87)
â[2] + â[1] + yb[1]− 2M̂aj[2] ∈ {0, 1}<32[X], in Q[X]. (88)

Base-case updates. Similarly as above, for t ∈ {1, 2, 3}, the update constraints (69)–(70) are
modified by replacing the back-references ê[t − 3] (standing for ht) and â[t − 3] (standing for dt)
with the corresponding public-input values: at t = 1, h1 → yh[1] and d1 → yd[1]; at t = 2,
h2 = g1 → yg[1] and d2 = c1 → yc[1]; at t = 3, h3 = f1 → yf [1] and d3 = b1 → yb[1]. See Table 8
for the explicit resulting constraints.
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Remark 8.18 (Selector polynomials and shift polynomials.). Most of the constraints we described
apply only on a subset of row indices t ∈ [65]. However, in a UAIR+ instance all constraints must be
defined over all rows. To address this, we first reindex rows through the change of variable t→ t+17.
This way, all shifted column accesses have the form x[t + ∆] for some t ∈ [65] and non-negative
constant ∆. Then, we use shift columns x↓∆ as in Remark 8.2 in place of x[t+∆]. This way, x↓∆[t]
is defined for all t ∈ [65], and further, for the relevant values of t we have x↓∆[t] = x[t + ∆], and
x↓∆ is zero otherwise. Then, whenever necessary, we multiply constraint polynomials by selector
polynomials, i.e. polynomials whose evaluation at t is 1 if the constraint should apply at row t, and
0 otherwise.

We omit the details for brevity and because these are standard techniques. We also remark
that there are other reasonable approaches, see e.g. [Tho24].

8.2.4 Arithmetization summary

Tables Tables 5 to 9, summarize the public input and witness xUAIR,wUAIR, and the constraints
in iUAIR. We separate the constraint list into three lists. In Table 6 we describe non-boundary
constraints, i.e. constraints that apply to almost all row indices t ∈ [65]; in Table 7 we describe
affine lookup constraints. Note that Table 5 already includes the lookup constraints on the witness
columns — these are not included in Table 7. Finally, in Tables 8 and 9 we describe boundary
constraints, i.e. constraints that apply only to a small number of rows (e.g., t = 1 or t = 65).

Selector polynomials and shift columns are not explicitly described here, see Remark 8.18.
Again we emphasize that this arithmetization is similar but not exactly the same as the one we

used in our experiments, see Section 9 for details.

Lookup set ⊆ Domain #Rows #Cols Columns
Q[X]-trace columns
{0, 1}<32[X] ⊆ Q<32[X] 65 10 â, ê, Ŵ , Σ̂0, Σ̂1, M̂aj, ûef , û¬e,g, σ̂0, σ̂1
[0 .. 6], [0 .. 5], [0 .. 3] ⊆ Q 65 3 µa, µe, µW

F2[X]-trace columns: none

Public input columns
{0, 1}<32[X] ⊆ Q<32[X] 65 6 ya,yb,yc,ye,yf ,yg (zero except at t ∈ {1, 65})
[0 .. 232 − 1] ⊆ Q 65 2 yd,yh (zero except at t ∈ {1, 65})
{0, 1}<32[X] ⊆ Q<32[X] 65 1 yM (zero except at t ∈ [16])
[0 .. 232 − 1] ⊆ Q 65 1 yK (zero at t = 65)

Table 5: Traces: The columns of the witnesses f0 and f1 in our SHA-256 UAIR+ arithmetization. The “Lookup
set” column indicates lookup constraints enforced on the entries of each column (to be proved at the PIOP level); the
“Domain” column specifies the type of elements each column contains (enforced via the IOPP/PCS), cf. Section 2.1.2.
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Domain Ideal Constraint polynomial Rows t Reference

F2[X] (X32−1) φ2(â[t]) · ρ0(X)− φ2(Σ̂0[t]) [65] Σ0 rotation, (64)
F2[X] (X32−1) φ2(ê[t]) · ρ1(X)− φ2(Σ̂1[t]) [65] Σ1 rotation, (65)
Q[X] (X−2) â[t+1]−ê[t−3]−Σ̂1[t]−Ĉh[t]−yK [t]

− Ŵ [t]− Σ̂0[t]− M̂aj[t] +
µa[t]X

32

[64] \ {1, 2, 3} a-update, (69)

Q[X] (X−2) ê[t+1]− â[t−3]− ê[t−3]− Σ̂1[t]−
Ĉh[t]

− yK [t]− Ŵ [t] + µe[t]X
32

[64] \ {1, 2, 3} e-update, (70)

Q[X] (X−2) Ŵ [t]− Ŵ [t−16]− σ̂0[t]
−Ŵ [t−7]−σ̂1[t]+µW [t]X32

[64] \ [16] schedule recurrence, (76)

F2[X] (X32−1) φ2(Ŵ [t]) · ρσ0
(X) +

φ2(
̂SHR3(Wt))− φ2(σ̂0[t+ 15])

[49] \ [1] σ0 rotation + virtual shift, (74)

F2[X] (X32−1) φ2(Ŵ [t]) · ρσ1
(X) +

φ2(
̂SHR10(Wt))− φ2(σ̂1[t+ 2])

[62] \ [14] σ1 rotation + virtual shift, (75)

Table 6: Non-boundary polynomial constraints of our SHA-256 arithmetization. The “Ideal” column specifies the
ideal in which the constraint polynomial must lie. The “Rows t” column lists the row indices t ∈ [65] at which the
constraint is enforced. Note that these are all linear polynomial constraints over Q[X] or F2[X].

Domain Lookup set Constraint polynomial Rows t Reference
Q[X] ∈ {0, 1}<32[X] ê[t] + ê[t−1]− 2ûef [t] [65] \ {1, 2} Ch lookup, (66)
Q[X] ∈ {0, 1}<32[X] (132−ê[t]) + ê[t−2]− 2û¬e,g[t] [65] \ {1, 2} Ch lookup, (67)
Q[X] ∈ {0, 1}<32[X] â[t] + â[t−1] + â[t−2]− 2M̂aj[t] [65] \ {1, 2} Maj lookup, (68)

Table 7: Affine-combination lookup constraints of our SHA-256 arithmetization. Each constraint requires the given
affine combination of witness/input entries to lie in {0, 1}<32[X], to be enforced with a lookup PIOP. The “Rows t”
column lists the row indices t ∈ [65] at which the constraint is enforced.
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Domain Ideal Constraint polynomial Rows t Reference
Q[X] (0) â[1]−ya[1], ê[1]−ye[1] {1} initial state, (77)
Q[X] (X−2) â[2]−yh[1]−Σ̂1[1]−Ĉh[1]−yK [1]

−Ŵ [1]−Σ̂0[1]−M̂aj[1]+µa[1]X
32

{1} a-update (t=1)

Q[X] (X−2) ê[2]−yd[1]−yh[1]−Σ̂1[1]−Ĉh[1]
−yK [1]−Ŵ [1]+µe[1]X

32
{1} e-update (t=1)

Q[X] (X−2) â[3]−yg[1]−Σ̂1[2]−Ĉh[2]−yK [2]

−Ŵ [2]−Σ̂0[2]−M̂aj[2]+µa[2]X
32

{2} a-update (t=2)

Q[X] (X−2) ê[3]−yc[1]−yg[1]−Σ̂1[2]−Ĉh[2]
−yK [2]−Ŵ [2]+µe[2]X

32

{2} e-update (t=2)

Q[X] (X−2) â[4]−yf [1]−Σ̂1[3]−Ĉh[3]−yK [3]

−Ŵ [3]−Σ̂0[3]−M̂aj[3]+µa[3]X
32

{3} a-update (t=3)

Q[X] (X−2) ê[4]−yb[1]−yf [1]−Σ̂1[3]−Ĉh[3]
−yK [3]−Ŵ [3]+µe[3]X

32

{3} e-update (t=3)

Q[X] (0) â[65]−ya[65], ê[65]−ye[65] {65} final state, (78)
Q[X] (X−2) â[62]−yd[65], ê[62]−yh[65] {65} final state, (79)
Q[X] (0) â[64]−yb[65], â[63]−yc[65] {65} final state, (80)
Q[X] (0) ê[64]−yf [65], ê[63]−yg[65] {65} final state, (80)
Q[X] (0) Ŵ [t]−yM [t] for t ∈ [16] [16] message init. (81)

Table 8: Boundary polynomial constraints of our SHA-256 arithmetization. Boundary constraints apply only at
specific rows. The “Ideal” column specifies the ideal in which the constraint polynomial must lie ((0) denotes exact
equality). The “Rows t” column lists the row indices t ∈ [65] at which the constraint is enforced. Affine-combination
boundary lookup constraints are listed separately in Table 9.

Domain Lookup set Constraint polynomial Rows t Reference
Q[X] ∈ {0, 1}<32[X] ê[1]+yf [1]−2ûef [1] {1} Ch (t=1), (82)
Q[X] ∈ {0, 1}<32[X] (132−ê[1])+yg[1]−2û¬e,g[1] {1} Ch (t=1), (83)
Q[X] ∈ {0, 1}<32[X] ê[2]+ê[1]−2ûef [2] {2} Ch (t=2), (85)
Q[X] ∈ {0, 1}<32[X] (132−ê[2])+yf [1]−2û¬e,g[2] {2} Ch (t=2), (86)
Q[X] ∈ {0, 1}<32[X] â[1]+yb[1]+yc[1]−2M̂aj[1] {1} Maj (t=1), (87)
Q[X] ∈ {0, 1}<32[X] â[2]+â[1]+yb[1]−2M̂aj[2] {2} Maj (t=2), (88)

Table 9: Boundary affine-combination lookup constraints of our SHA-256 arithmetization, extracted from the Ch
and Maj base cases.

8.3 ECDSA signature verification

In this section we arithmetize ECDSA signature verification on the secp256k1 curve as a UAIR+

instance. We also sketch how to compose this arithmetization with the SHA-256 arithmetization
of Section 8.2 into a single UAIR+ that verifies a signature on the SHA-256 digest of a message.

8.3.1 ECDSA overview and target relation definition

The ECDSA signature scheme, instantiated on secp256k1, operates on the elliptic curve E/Fp : y2 =
x3+7, where p is a 256-bit prime. A fixed base-point G ∈ E(Fp) generates a prime-order subgroup
〈G〉 ⊆ E(Fp) of order n (also 256-bit, with p < 2n). The public key is a point Q ∈ 〈G〉 (i.e.
Q = dG for some secret scalar d ∈ Fn), messages are elements e ∈ Fn, and signatures are pairs
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(r, s) ∈ Fn×F∗n. Verification accepts (r, s) as a signature on e under Q if the point R := u1G+u2Q is
not the point at infinity and its affine x-coordinate Rx satisfies Rx ≡ r (mod n), where u1 = e · s−1
and u2 = r · s−1 in Fn.

The relation we want to arithmetize. The target relation is

RELECDSA :=


(i,x;w)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Index-input-witness definition:
i = (G), x = (e, r, s,Q, u1, u2), w = (R),

u1, u2, e, r, s ∈ Fn, Q,R ∈ E(Fp),
u1 · s = e and u2 · s = r in Fn

Constraints:
R = u1G+ u2Q 6=∞, int(Rx) ≡ r (mod n)


, (89)

where int(Rx) denotes the unique integer representative of the affine x-coordinate Rx ∈ Fp of R in
[0 .. p− 1].

Remark 8.19 (u1, u2 in the public input). We place u1, u2 in the public input rather than the
witness; the verifier trusts or is responsible for checking that u1, u2 are correctly derived from
(e, r, s) as u1 = e · s−1 and u2 = r · s−1 in Fn. This shifts these two Fn multiplications out of the
arithmetization, removing the need to include s−1 in the witness and to enforce the corresponding
well-formedness constraints. In use cases where any of e, r, s must remain private, u1, u2 would have
to be moved back into the witness and the corresponding well-formedness constraints reinstated;
the same applies to other components of the public input below, e.g. (Q, G+Q) when their privacy
is required.

Note that the computation/verification of u1, u2 constitutes a negligible fraction of the overall
cost of computing R.

Remark 8.20 (Bit decompositions of u1, u2 as public input). Once u1, u2 are public, so are their
256-bit canonical decompositions b1, b2. We therefore lift the bit columns b1, b2 from the witness
directly into the public input: the verifier checks externally that each bi[t] ∈ {0, 1} and that∑256

t=1 bi[t]·2256−t equals the canonical integer representative of ui ∈ Fn in [0 .. n−1]. This eliminates
the in-circuit bit-decomposition accumulator columns U1, U2 and all of their associated constraints
(initialization, transition, and final binding to u1, u2); since these were the only constraints and
trace columns over Fn, the Fn-trace disappears altogether and the prime tuple shrinks to q = (p).
The remaining double-and-add loop reads the bits b1[t], b2[t] as integers in {0, 1} ⊂ Z via the Fp-side
embedding φp (cf. (93)), and computes u1G + u2Q correctly because G has order n, so the result
depends only on the residues of the integer values

∑
bi[t] · 2256−t modulo n. As before, in scenarios

where u1 or u2 must remain private the bits would have to be moved back to the witness and the
bit-decomposition accumulator constraints reinstated.

8.3.2 UAIR+ arithmetization of ECDSA

We now describe a UAIR+ index–input–witness triple that belongs to RELUAIR+ if and only if a
corresponding triple belongs to RELECDSA. Our arithmetization is relatively straightforward and,
for the most part, uses standard elliptic curve operations over Fp.

The dominant cost (in terms of witness size and number of constraints) comes from the multi-
scalar multiplication R = u1G + u2Q. We let b1 and b2 be 256-length vectors containing the bits
of u1 and u2, respectively. Below we discuss how we compute R in our arithmetization.
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Shamir’s trick, briefly. The standard double-and-add algorithm computes a single scalar multipli-
cation uA, for u a k-bit scalar, by initializing an accumulator P ←∞ and, for j = k−1 down to 0,
performing P ← 2P followed by P ← P +A whenever bit j of u is 1; the total cost is k doublings
and at most k additions. Applied naively to a two-term sum u1G+ u2Q, this would use two such
loops for a total of 2k doublings and up to 2k additions. The so-called Shamir’s trick merges the
two loops into one: first one precomputes the four points

T00 =∞, T10 = G, T01 = Q, T11 = G+Q,

and then it suffices to run a single double-and-add loop over an accumulator P , initialized to
∞. Concretely, at step j, read the bit-pair (b1[j], b2[j]) of (u1, u2), set P ← 2P , and then set
P ← P + Tb1[j] b2[j]. After k = 256 steps, P = u1G + u2Q. The total cost is k doublings and at
most k additions.

We assume the point T11 = G + Q is given as part of the public input and that it is correctly
computed.
Projective coordinates. We run this loop in Jacobian coordinates rather than affine coordinates
so that each doubling and addition reduces to a handful of multiplications and squarings in Fp,
without field inversions (which would require adding extra witness entries); a single inversion at the
end converts the output back to affine form. Concretely, a Jacobian representative (X : Y : Z) with
Z 6= 0 denotes the affine point (X/Z2, Y/Z3), and the point at infinity is any point with Z = 0.

Again, we consider UAIR+ instances with extended semantics as discussed in Remarks 8.2
to 8.4.

UAIR+ index. Fix a triple (iECDSA,xECDSA;wECDSA) ∈ RELECDSA. We construct a UAIR+ index

iUAIR = (n, c,q, B,d, C,S),

as follows:
Prime tuple q. We set q = (p), so |q| = 1. Accordingly, the UAIR+ has two trace components:
a Q[X]-trace (component 0) and an Fp[X]-trace (component 1). No Fn trace is needed: although
u1, u2 are conceptually elements of Fn, the arithmetization works directly with their integer bit
decompositions and outputs u1G+ u2Q correctly because G has order n (cf. Remark 8.20 below).
Number of rows n. We set n = 257. Rows t = 1, . . . , 256 run the double-and-add loop, with row t
processing bit indices 256− t of u1 and u2 and writing the updated accumulator P into row t+ 1;
row 257 holds the final accumulator P and performs the signature verification.
Number of columns c. We set c0 = 2 for the Q[X]-trace and cp = 9 for the Fp[X]-trace.
Bit-size B and degree bounds d = (d0, dp). We set B = 256 and d = (1, 1), so every trace entry (in
both domains) is a field element (degree 0).

Witness. The witness wUAIR = (f0, fp) consists of f0 ∈ (Q<B,d0 [X])n×2 and f1 ∈ (Fp)n×9. The
two Q[X]-columns of f0 are: the final-x column x̂ ∈ Q, storing the integer representative of Rx
in [0 .. p − 1] (enforced by a range-lookup) at entry t = 257; and the quotient column k ∈ {0, 1}
, storing the quotient bit of the final signature check Rx ≡ r (mod n) at t = 257. No constraint
depends on the values of x̂ or k at rows t 6= 257, so their entries at those rows are unconstrained; for
concreteness we take them to be zero. The nine Fp-columns of f1 contain: the Jacobian coordinates
of the accumulator P = (X,Y, Z) (3 columns); the coordinates of 2P , denoted Xmid, Ymid, Zmid (3
columns); scratch columns H,Ra used to arithmetize elliptic curve additions (cf. (95)–(96)); and
the affine-conversion column Zinv ∈ Fp, storing Z[257]−1 (zero except at t = 257).
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Public input. The public input is split across both domains of the UAIR+: a Q-block y(0) with
3 columns and an Fp-block y(1) with 4 columns. The values e, s from the relation (cf. (89)) are
part of the verifier’s public input but are not exposed as arithmetization columns since no in-circuit
constraint references them; the verifier uses e, s only for the external check u1 · s = e, u2 · s = r in
Fn (cf. Remark 8.19).
Q public-input columns: The signature column yr stores the signature element r as an integer in
[0 .. n − 1] (zero except at t = 257); it is used in the final signature check (104). We keep yr with
entries in Q (rather than Fn) because the final signature check is performed in Q. The bit columns
b1, b2 encode the verification scalars u1, u2: for t ∈ {1, . . . , 256}, bi[t] ∈ {0, 1} is bit 256− t of (the
canonical integer representative in [0 .. n− 1] of) ui, and bi[257] = 0 (cf. Remark 8.20).
Fp public-input columns: The public-key columns Qx, Qy have entries in Fp and they store the affine
coordinates of Q at each row (so, they are constant across rows). The precomputed-point columns
R̄x, R̄y store the affine coordinates of G+Q in Fp; they are supplied directly as public input, and,
again, constant across rows.

Constraints. We now describe the constraints C. The column-wise lookup constraints are: a
range lookup x̂ ∈ [0 .. p−1] on column x̂, and a bit lookup k ∈ {0, 1} on column k. Bit-membership
of b1, b2 is checked externally on the public input (cf. Remark 8.20). The remaining constraints are
as follows.

The next batch of constraints enforce correct computation of the update P ← 2P + T in
the double-and-add loop, for each t ∈ [256]. These are purely elliptic curve operations expressed
natively over the base field Fp, and so are not particularly amenable to the type of techniques
introduced in this work. Because of this, and because these are well-known operations, we only
provide a brief sketch of the constraints.
Jacobian doubling. The following constraints enforce (Xmid : Ymid : Zmid) = 2(X[t] : Y [t] : Z[t])
over the secp256k1 curve. They apply for all t ∈ [256], all in Fp:

Zmid[t]− 2Y [t] · Z[t] ∈ (0), (90)
Xmid[t]−

(
9X[t]4 − 8X[t] · Y [t]2

)
∈ (0), (91)

Ymid[t]−
(
3X[t]2 · (4X[t] · Y [t]2 −Xmid[t])− 8Y [t]4

)
∈ (0). (92)

Shamir addend selection. The following constraints compute the point T ∈ {∞, G,Q,G+Q} to be
added in the update P ← 2P+T , for each iteration t ∈ [256], depending on the bit-pair (b1[t], b2[t]).
For t ∈ [256], we denote the Jacobian coordinates of T by (Tx[t], Ty[t], Tz[t]), and these are obtained
as follows. First define the following elements from Fp:

s00[t] :− (1− φp(b1[t])) · (1− φp(b2[t])), s10[t] :− φp(b1[t]) · (1− φp(b2[t])),
s01[t] :− (1− φp(b1[t])) · φp(b2[t]), s11[t] :− φp(b1[t]) · φp(b2[t]),

(93)

so that sij [t] = 1 iff (b1[t], b2[t]) = (i, j), and then:

Tz[t] = s10[t] + s01[t] + s11[t],

Tx[t] = s10[t] ·Gx + s01[t] ·Qx[t] + s11[t] · R̄x[t],
Ty[t] = s10[t] ·Gy + s01[t] ·Qy[t] + s11[t] · R̄y[t].

(94)

The elements sij [t] and Tx[t], Ty[t], Tz[t] are not stored in the trace; they are just convenient short-
hand for the constraints that follow.
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Note that Tz[t] is either 0 if T [t] = ∞ or 1 otherwise. It is crucially used as a selector for the
addition formulas in the next step.

Addition. The following formulas compute the Jacobian coordinates of 2P + T , for each t ∈ [256],
given the coordinates of P and T . They all occur in Fp:

H[t]−
(
Tx[t] · Zmid[t]

2 −Xmid[t]
)
∈ (0), (95)

Ra[t]−
(
Ty[t] · Zmid[t]

3 − Ymid[t]
)
∈ (0). (96)

When 2P 6=∞ and T 6=∞, the point 2P + T is given by coordinates (Xreg : Yreg : Zreg), where

Zreg[t] = H[t] · Zmid[t],

Xreg[t] = Ra[t]
2 −H[t]3 − 2Xmid[t] ·H[t]2,

Yreg[t] = Ra[t] · (Xmid[t] ·H[t]2 −Xreg[t])− Ymid[t] ·H[t]3.

Again, the values Xreg[t], Yreg[t], Zreg[t] are not stored in the trace; they are shorthand for the
constraints that follow.

The cases 2P =∞ or T =∞ are handled using selector constraints, defined below. Note that
in an honest execution 2P = ∞ only when t = 1, since otherwise 2P belongs to the subgroup
generated by G.

s1[t] = 1− Tz[t], s2[t] = Tz[t] · 1[t = 1], sreg[t] = 1− s1[t]− s2[t], (97)

Both elements s1[t], s2[t] are necessarily bits; s1[t] is 1 iff T [t] =∞; s2[t] is 1 iff t = 1 and T [1] 6=∞;
and sreg[t] is 1 iff T [t] 6=∞ and t ≥ 2, i.e. the regular case where the addition formulas apply. Note
that 2P =∞ only at t = 1, hence the usage of 1[t = 1] in the definition of s2[t].

Then, the point 2P + T is obtained through the following constraints over Fp:

Z[t+1]−
(
s1 · Zmid[t] + s2 · Tz[t] + sreg · Zreg[t]

)
∈ (0), (98)

X[t+1]−
(
s1 ·Xmid[t] + s2 · Tx[t] + sreg ·Xreg[t]

)
∈ (0), (99)

Y [t+1]−
(
s1 · Ymid[t] + s2 · Ty[t] + sreg · Yreg[t]

)
∈ (0). (100)

Boundary constraints. Initialization (row t = 1). We set P = (0 : 0 : 0) at t = 1. Concretely, we
enforce:

X[1], Y [1], Z[1] ∈ (0) ⊂ Fp. (101)

Final verification (row t = 257). Here we enforce that R = u1G+ u2Q is not the point at infinity,
and that the integer representative Rx in [0, p− 1] of the affine x-coordinate of R equals r modulo
n.
Non-infinity and recovery of the affine x-coordinate Rx = X[257] · Zinv[257]

2, binding it to the
integer representative x̂[257] ∈ [0 .. p− 1]:

Z[257] · Zinv[257]− 1 ∈ (0) in Fp, (102)
X[257] · Zinv[257]

2 − φp(x̂[257]) ∈ (0) in Fp. (103)

The range x̂[257] ∈ [0 .. p− 1] is enforced by a column-wise lookup on x̂ (see Table 10). Finally, the
signature check r ≡ Rx (mod n); since Rx < p < 2n, the quotient bit k[257] ∈ {0, 1} suffices:

x̂[257]− yr[257]− k[257] · n ∈ (0) in Q. (104)
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8.3.3 Arithmetization summary

Tables 10 to 12 summarize the trace and constraints of our ECDSA arithmetization. Selector
polynomials are not made explicit; see Remark 8.18.

Lookup set ⊆ Domain #Rows #Cols Columns
Q[X]-trace columns
[0 .. p− 1] ⊆ Q 257 1 x̂ (zero except at t = 257)
{0, 1} ⊆ Q 257 1 k (zero except at t = 257)
Fp[X]-trace columns
Fp ⊆ Fp 257 3 X,Y, Z (accumulator P )
Fp ⊆ Fp 257 3 Xmid, Ymid, Zmid (doubled accumulator 2P )
Fp ⊆ Fp 257 2 H,Ra (addition scratch)
Fp ⊆ Fp 257 1 Zinv (zero except at t = 257)
Public input columns
[0 .. n− 1] ⊆ Q 257 1 yr (zero except at t = 257)
{0, 1} ⊆ Q 257 2 b1, b2 (bits of u1, u2; bi[257] = 0)
Fp ⊆ Fp 257 2 Qx, Qy

Fp ⊆ Fp 257 2 R̄x, R̄y (coordinates of G+Q)

Table 10: Trace layout for the ECDSA UAIR+ arithmetization. “Lookup set” indicates range constraint enforced
on each column via a lookup PIOP (when the lookup set equals the domain, there is no need to prove such constraint
at the PIOP level); “Domain” specifies the ambient set, enforced via the PCS/IOPP (cf. Section 2.1.2).

Domain Ideal Constraint polynomial Rows t Reference
Fp (0) Zmid[t]− 2Y [t]Z[t] [256] doubling Z coord., (90)
Fp (0) Xmid[t]− 9X[t]4 + 8X[t]Y [t]2 [256] doubling X coord., (91)
Fp (0) Ymid[t]− 3X[t]2(4X[t]Y [t]2 −Xmid[t]) + 8Y [t]4 [256] doubling Y coord., (92)
Fp (0) H[t]− Tx[t]Zmid[t]

2 +Xmid[t] [256] addition scratch H, (95)
Fp (0) Ra[t]− Ty[t]Zmid[t]

3 + Ymid[t] [256] addition scratch Ra, (96)
Fp (0) Z[t+1]− s1[t] · Zmid[t]− s2[t] · Tz[t]− sreg[t] ·

H[t] · Zmid[t]
[256] addition Z coord., (98)

Fp (0) X[t+1]− s1[t] ·Xmid[t]− s2[t] · Tx[t]− sreg[t] ·
(Ra[t]

2 −H[t]3 − 2Xmid[t]H[t]2)
[256] addition X coord., (99)

Fp (0) Y [t+1]− s1[t] · Ymid[t]− s2[t] · Ty[t]− sreg[t] ·(
Ra[t](Xmid[t]H[t]2 −Xreg[t])− Ymid[t]H[t]3

) [256] addition Y coord., (100)

Table 11: Double-and-add constraints of the ECDSA arithmetization (applied on rows t ∈ [256]). The “Ideal”
column specifies the ideal in which the constraint must lie; “Rows t” lists the row indices at which the constraint
is enforced. The selectors s1[t], s2[t], sreg[t] are defined in (97) and Tx[t], Ty[t], Tz[t] in (94). The maximum variable
degree is 6 (attained by the addition Y -coordinate constraint, via the monomial sreg · Ra · Xmid · H2). Boundary
constraints are listed separately in Table 12.
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Domain Ideal Constraint polynomial Rows t Reference
Fp (0) X[1], Y [1], Z[1] {1} init., (101)
Fp (0) Z[257]Zinv[257]− 1 257 non-infinity, (102)
Fp (0) X[257]Zinv[257]

2 − φp(x̂[257]) 257 x-binding, (103)
Q (0) x̂[257]− yr[257]− k[257] · n 257 sig., (104)

Table 12: Boundary constraints of the ECDSA arithmetization, enforced at the initial (t = 1) and final (t = 257)
rows. Columns have the same meaning as in Table 11.

8.4 SHA-256 hashing followed by ECDSA verification

We sketch how to compose our UAIR+ from Sections 8.2.3 and 8.3.2 so as to arithmetize the
computation consisting of verifying an ECDSA signature on a SHA-256 hash of a message m. We
let B be the number of 512-bit blocks in m. In a nutshell: we stack B copies of the SHA-256
compression arithmetization vertically, with feed-forward constraints enforcing correct chaining of
the compressions. We then include the ECDSA UAIR+, with its Q[X]-trace being concatenated
horizontally to the Q[X] trace of the stacked SHA-256 trace (adding zero padding appropriately).
The resulting UAIR exposes the SHA-256 digest digest as a public value, and the bits b1, b2 of the
ECDSA values u1 and u2 as public input columns (cf. Remarks 8.19 and 8.20); the verifier then
checks externally that u1 ·s = digest and u2 ·s = r in Fn. In settings where more privacy is required,
one can keep u1, u2, the digest, and maybe the signature elements, as part of the witness, at the
expense of adding extra constraints.

9 Further implementation and protocol details
We give a brief overview of the details of our protocols and their implementation. Full details will
be provided in a separate further report. We remark that our implemented protocols use, at times,
small straightforward deviations or extensions to the protocols described in this paper (all outlined
below). Such variations will be included in the mentioned report. Our implementation is available
at github.com/NethermindEth/zinc-plus/tree/main-beta.

Lookup PIOP. Our lookup constraints are all in the sets {0, 1}<32[X] and small integer ranges.
For the former, we prove the corresponding lookup constraints by proving that v · (v − 1) = 0 for
every coefficient v of every entry of a column constrained to {0, 1}<32[X]. This is proved via a
standard sumcheck approach over the random projected field.

The sumcheck outputs claims of the following form: let u be one of the columns whose entries are
constrained to belong to {0, 1}<32[X]. Then u =

∑31
i=0X

i · vi, where vi is a column filled with bits.
At the end of the aforementioned sumcheck, we are left with claims of the form mle[ψ(vi)](r) = ci
for random r and some values ci, and where ψ : Z[X] → F is a projection to a finite field. The
prover publishes points r′ and values c′i over Z such that ψ(r′) = r and ψ(c′i) = ci (and the verifier
checks this), and the claim mle[v](r′) =

∑31
i=0X

i · c′i. Prover and verifier then use our instantiation
of Zip+ to certify the latter claim.

For the columns constrained to small integer ranges (up to [0 .. 6] at most), we bit decompose
the columns and we pack them into a single column lookup-constrained to {0, 1}<32[X].

Our SHA-256 + ECDSA UAIR. Our UAIR is essentially the one described in Section 8, with
the differences outlined below. Further details can be found in the preliminary documentation of
our implementation (https://github.com/NethermindEth/zinc-plus/tree/main-beta).
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The ECDSA only proves the multiscalar multiplication. As we mentioned, our ECDSA arithmeti-
zation includes constraints for the multi-scalar multiplication R = u1G + u2Q, which is the bulk
of the signature verification: the rest would entail proving two multiplications modulo n and the
constraint int(Rx) ≡ r (mod n) (cf. Section 8.3). In scenarios where privacy and zero-knowledge
are necessary, one would need to include the full ECDSA verification in the UAIR. This is ongoing
work in our implementation.

Simplification of boundary constraints, at the expense of 3 more rows per compression. We use 68
rows per SHA-256 compression (instead of 65) to allow for easier handling of boundary constraints;
namely, the first 3 rows store initial register values for b, c, d in the a-column, and f, g, h in the
e-column. This allows us to avoid all boundary constraints in Table 9 and boundary constraints 2
to 6 in Table 8, and eases the chaining of multiple compressions.

All the witnesses and constraints are over Q[X]. We do not use witness columns nor constraints
over Fq or F2[X] due to limitations of our implementation. This requires slightly modifying the
constraints that occur over F2[X] (cf. Eqs. (64), (65), (74) and (75)) by adding, per constraint, an
extra additive term of the form 2 · w for some new witness column w, and similarly for the Fq-
constraints. We do so for the F2[X]-constraints, but for the Fq-constraints, we instead modify our
Zinc+ PIOP so that the verifier always sends the secp256k1 prime q instead of a random prime.
Soundness of the scheme is still guaranteed because all columns corresponding to the SHA-256
arithmetization are lookup-constrained to {0, 1}<32[X] or small range checks, and the SHA-256
constraints are so that there is never an overflow over the prime q (cf. Section 8.2.3). This allows
us to avoid adding extra columns for the Fq-constraints.

The aforementioned extra witness columns added for the F2[X]-constraints are kept public.
This hinders zero-knowledge, but it reasonably keeps our performance closer to what a full imple-
mentation would look like.

Keeping most SHA constraints linear. The steps in our PIOR scheme (Steps 1, 2, and 3 of Sec-
tion 2.2) are especially efficient for linear constraints. As specified in Section 8, all of the SHA-256
compression constraints are linear, except, potentially, for the presence of selector polynomials that
ensure constraints only apply at certain rows, cf. Remark 8.18. Selector polynomials increase con-
straint degree by one, and thus we seek alternatives to them. Concretely, in this version of the
implementation we added public corrector columns for linear non-boundary constraints. For each
constraint that is meant to apply to a subset S ⊆ [n] of all n rows, we linearly add a public column
cS to the constraint, with cS(i) = 0 if i ∈ S and cS(i) takes any value required for the constraint
to hold in [n] \ S. This way, the constraint is satisfied at every row, but it is only meaningful at
rows in S. The verifier checks that cS is indeed zero at S. Boundary constraints are treated with
selector polynomials in a standard way.
In the future, we plan to replace corrector columns with a more elaborate way of handling entry-wise
shifts of witness vectors (columns), similarly as done in [Tho24]. This latter approach is amenable
to zero-knowledge, unlike the above approach.

Packing SHA’s integer columns as one single column lookup constrained to {0, 1}<32[X]. The integer-
typed columns in the SHA-256 UAIR (which belong to small ranges, namely [0 .. 6], [0 .. 5], [0 .. 3])
are bit-decomposed and packed together into a single column u lookup-constrained to {0, 1}<32[X].
We access MLE evaluations of the integer columns virtually, as these can be recovered from MLE
evaluations of u, in a similar manner as explained above in “Lookup PIOP”.

Protocol optimization: Folded Zip+. To reduce proof sizes, we use the following extension
of our Zip+ IOPP, which we call Folded Zip+. Say we want to commit to the MLE of a witness
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vector v with entries in {0, 1}<32[X]. We write v = v1 + X16 · v2, for vectors v1, v2 with entries
in {0, 1}<16[X]. We then commit instead to the vector v′ = (v1, v2) resulting from concatenating
v1 and v2. We get virtual access to mle[v](Y) through the identity mle[v′](Y0,Y) = (1 − Y0) ·
mle[v1](Y) + Y0 · mle[v2](Y). Concretely, say we wish to prove an MLE evaluation claim for the
original vector v, say mle[v](r) = c over Q[X]. We can instead replace the claim by two claims
mle[v1](r) = c1,mle[v2](r) = c2 over Q[X], with the verifier checking that c = c1 +X16 · c2. Then
the verifier sends a random challenge r0 from a large subset of Z, and then prover and verifier prove
the claim mle[v′](r0, r) = (1− r0) · c1 + r0 · c2. The soundness of this process follows from standard
Schwartz-Zippel arguments. This process can be iterated, e.g., we can write v1 = v11+X

8 ·v12 and
v2 = v21 +X8 · v22, and commit to v′′ = (v11, v12, v21, v22).

This variation has a substantial effect on proof size reduction, with little expense on prover and
verifier time. This is because the bit-size of the opened columns during the Zip+ IOPP, the main
contributor to proof size, is essentially halved (or reduced by a factor of 4 in the iterated example
above).

Details of our finite field PIOP and IOPP. As we mentioned in Section 2.5, our finite field
PIOP is comprised of the following components: a sumcheck-based protocol similar to Hyperplonk’s
PIOP [CBBZ23]; the aforementioned Lookup PIOP for the set {0, 1}<32[X]; and a sumcheck-based
protocol for reducing MLE evaluation claims of shifted vectors v↓∆ to MLE evaluation claims of v
(as in Section 4.3 of [DP25]), cf. Remark 8.18.

The MLE evaluation claims for the vectors φq(vi) (where q is the projection prime and φq
is reduction modulo q) are provided virtually through MLE claims of φq(

∑
iX

ivi), as explained
above. The latter are proved with the version Zip+ that allows committing to vectors u with entries
in Q<d[X] and proving MLE claims over F<dq [X] of the form mle[u](r) = c for evaluation points
r over Fq and c ∈ Fq[X]. Similarly, MLE evaluation claims for vectors of the form ψ(SHRi(u)),
u ∈ {0, 1}<32[X] (where ψ : Z(q)[X] → Fq is our usual projection, cf. Definition 5.2, and SHRi

denotes entry-wise coefficient shift), we first lift the claim over Fq[X] , and reduce the resulting to
a claim about the MLE of φq(v) using Lemma 2.3. The latter is then proved with Zip+.

We use the iterated folded version of Zip+ described above.

AI components. The following parts of our implementation were completed with help from AI
and careful posterior revision from us. These will be appropriately incorporated into the main
branch in upcoming repository updates.

The parts are: the lookup PIOP; the folded Zip+ optimization; UAIR instance construction;
virtual access to entry-wise SHIFT of columns typed in {0, 1}<32[X]; IPRS code configurations;
and some optimizations10.

We have not included several optimizations that we identified with the help of AI. These will
be incorporated in future updates as we review them.
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A Deferred Proofs

This appendix collects the deferred proofs from Section 5 (Zinc+ PIOR) and Section 6 (Zip+
IOPP), grouped by topic. Supplementary lemmas used only inside this appendix are placed near
the proof that first cites them.

A.1 Proofs for the Zinc+ PIOR

This subsection proves the deferred Zinc+ PIOP results. Its subsubsections map onto the corre-
sponding subsections of Section 5.

A.1.1 Ideal batching, MLE projection commutativity, and well-definedness detection

Ideal batching (Lemma 5.1).

Proof. Let R := K[X]/I and let π : K[X]→ R be the natural projection map. Since I ∩K = (0),
the induced map K ↪→R is injective.
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For Item 1, assume v(x) ∈ I for all x ∈ {0, 1}µ and fix r ∈ Kµ. By definition of the multilinear
extension and closure of I under K[X]-linear combinations,

ṽ(r) =
∑

x∈{0,1}µ
v(x) · ẽq(x; r) ∈ I,

because each coefficient ẽq(x; r) lies in K ⊆ K[X].
For Item 2, assume v(x0) /∈ I for some x0 ∈ {0, 1}µ. Define v̄ : {0, 1}µ →R by v̄(x) := π(v(x)).

Then v̄(x0) 6= 0, so the multilinear polynomial ˜̄v(Y) ∈ R[Y] is nonzero.
Let S ⊆ K ⊆ R. For distinct a, b ∈ S, the difference a − b is a nonzero element of the field K,

and hence a unit in R. Therefore S is an exceptional set in R, and Lemma 3.1 yields

Pr
r←Sµ

[˜̄v(r) = 0
]
≤ µ

|S|
.

Finally, for every r ∈ Kµ, coefficient-wise application of π gives ˜̄v(r) = π(ṽ(r)). Thus ˜̄v(r) = 0
holds if and only if ṽ(r) ∈ I, which proves the claimed bound.

MLE projection commutativity (Lemma 5.4).

Proof. Let µ := log n and index the entries of v by points in the Boolean hypercube {0, 1}µ, writing
v = (vb)b∈{0,1}µ . By definition of multilinear extension (see Section 3.1), we have

ṽ(X) =
∑

b∈{0,1}µ
vb · ẽq(b;X) in R[X],

and
ψ̃(v)(X) =

∑
b∈{0,1}µ

ψ(vb) · ẽq(b;X) in R′[X].

Let u ∈ R′µ and let r = ψ−1(u). Since ψ is a ring homomorphism and ẽq(b;X) is built from the
ring operations and the constants 0, 1 ∈ R, we have ψ

(
ẽq(b; r)

)
= ẽq(b;ψ(r)) = ẽq(b;u) for every

b ∈ {0, 1}µ. Hence,

ψ
(
ṽ(ψ−1(u))

)
= ψ

( ∑
b∈{0,1}µ

vb · ẽq(b; r)
)
=

∑
b∈{0,1}µ

ψ(vb) · ψ
(
ẽq(b; r)

)
=

∑
b∈{0,1}µ

ψ(vb) · ẽq(b;u) = ψ̃(v)(u).

Well-definedness detection (Theorem 5.5).
Since f̃ /∈ (Z(p)[X])[W], there exist b ∈ {0, 1}ν and an index k such that p divides the denom-

inator of the coefficient f̃b,k (written in lowest terms). Let pn be the largest power of p dividing
the denominator of any such coefficient. Define g̃ := pnf̃ ∈ (Z(p)[X])[W]. By construction, at least
one X-coefficient of g̃ has numerator not divisible by p.

Suppose f̃(z) ∈ Z(p)[X]. Then every coefficient of g̃(z) = pnf̃(z) lies in Z(p) and has numerator
divisible by p, so φp(g̃(z)) = 0.

Now, φp(g̃) 6= 0 in (Fp[X])[W] by the choice of n. Since φp(S) = Fp and the zi,k are sam-
pled independently from S, the reductions φp(zi,k) are independent and uniform over Fp. Hence
φp(zi) =

∑
k φp(zi,k)X

k is uniform over F<κp [X]. Since Fp[X] is an integral domain, a nonzero affine
polynomial in one variable has at most one root in F<κp [X], and the multilinear Schwartz-Zippel
bound gives

Pr
[
φp(g̃(z)) = 0

]
≤ ν/pκ.
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A.1.2 PESATQ[X] construction

Proof of Theorem 5.11. The construction uses the inner PESAT-PIOP Π as a black box, so Π′’s
knowledge state function and extractor invoke Π’s as subroutines. Per Remark 3.10, Π′’s knowledge
state witness includes Π’s witness as an auxiliary component alongside the candidate PESATQ[X]

witness.
Completeness. If (i,x;w) ∈ PESATQ[X](Fq̃), constraint (i) ensures ψ0 is defined on every entry
of f0, so the projected oracle never returns ⊥ on VΠ’s queries to [[̃f0]] and V′ never rejects. By
Lemma 5.4, the responses V′ forwards to VΠ equal ψ̃0(f0)(u) and ψ̃1(f1)(u) on every query u, and
constraint (ii) gives (̄i, x̄; (ψ0(f0), ψ1(f1))) ∈ PESAT(Fq̃).
Round-by-round knowledge soundness. Let KStateΠ and ExtΠ be a knowledge state function
and extractor for Π. We write f̂0 and f̂1 for the Boolean-cube restrictions of the ring oracles [[̃f0]]
and [[̃f1]]. We call a transcript post-query if it contains at least i? verifier messages (i.e., ρi? has
been revealed), and pre-query otherwise. For a post-query transcript, u? ∈ Fνq̃ denotes the query
point determined by ρi? .
Knowledge state witness. Following Remark 3.10, we take w = (ŵ0, ŵ1,w0,w1), where (ŵ0, ŵ1) with
ŵ0 ∈ (Q<d0,B[X])m and ŵ1 ∈ (F<d1q [X])m is a candidate PESATQ[X] witness, and (w0,w1) ∈ (Fmq̃ )2
is an auxiliary slot carrying a Π knowledge state witness.
Extractor. ExtΠ′(i,x, tr‖ρ, (ŵ0, ŵ1,w0,w1)) := (ŵ0, ŵ1, ExtΠ(̄i, x̄, tr‖ρ, (w0,w1))).
Knowledge state function. We define KStateΠ′ by three cases, determined by f̂0 and the transcript.
Case 1. (f̂0 ∈ (Z(p)[X])m, any transcript):

KStateΠ′(i,x, tr, (ŵ0, ŵ1,w0,w1)) := [ŵ0 = f̂0] · [ŵ1 = f̂1] · KStateΠ(̄i, x̄, tr, (w0,w1)). (105)

Case 2. (f̂0 /∈ (Z(p)[X])m, and either pre-query or f̃0(ψ
−1
0 (u?)) /∈ Z(p)[X]):

KStateΠ′(i,x, tr, (ŵ0, ŵ1,w0,w1)) := 0. (106)

Case 3 (f̂0 /∈ (Z(p)[X])m, post-query, and f̃0(ψ
−1
0 (u?)) ∈ Z(p)[X]):

KStateΠ′(i,x, tr, (ŵ0, ŵ1,w0,w1)) := [ŵ0 ∈ (Z(p)[X])m] · [ŵ1 = f̂1] · KStateΠ(̄i, x̄, tr, (w0,w1)).

Cases 1 and 3 share the form G(ŵ0, ŵ1) ·KStateΠ(̄i, x̄, tr, (w0,w1)), each for a different gate G that
depends only on (ŵ0, ŵ1), the oracles, and ρi? (which fixes u?). In particular, G is independent of
prover messages and of ρi for i 6= i?, and ExtΠ′ preserves (ŵ0, ŵ1), so G takes the same value on
both sides of the RBR-KS event (107).
Empty transcript. The empty transcript is pre-query, so only Cases 1 and 2 apply, depending on
whether f̂0 ∈ (Z(p)[X])m.
Case 2 (f̂0 /∈ (Z(p)[X])m). Then KStateΠ′ = 0 by (106) for every w, and (i,x, (ŵ0, ŵ1)) /∈ PESATQ[X]

for every (ŵ0, ŵ1) since the relation forces ŵ0 = f̂0 /∈ (Z(p)[X])m. Both sides of the biconditional
are uniformly false.
Case f̂0 ∈ (Z(p)[X])m (Case 1 applies). Here KStateΠ′ = [ŵ0 = f̂0]·[ŵ1 = f̂1]·KStateΠ(̄i, x̄, ∅, (w0,w1))
by (105).

(⇒). (i,x, (ŵ0, ŵ1)) ∈ PESATQ[X] implies KStateΠ′ = 1 for some (w0,w1): the relation forces
ŵ0 = f̂0 and ŵ1 = f̂1, so the first two factors are 1. Setting w0 := ψ0(ŵ0) and w1 := ψ1(ŵ1) gives
(̄i, x̄, (w0,w1)) ∈ PESAT by Lemma 5.4, so the third factor is 1 by Π’s empty-transcript property.
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(⇐). KStateΠ′ = 1 for some (w0,w1) implies (i,x, (ŵ0, ŵ1)) ∈ PESATQ[X]: the first two factors
force ŵ0 = f̂0 ∈ (Z(p)[X])m and ŵ1 = f̂1. The third factor and Π’s empty-transcript property
give (̄i, x̄, (w0,w1)) ∈ PESAT. MLE uniqueness then gives w0 = ψ0(ŵ0) and w1 = ψ1(ŵ1), so con-
straint (ii) of PESATQ[X] holds; constraint (i) holds since ŵ0 ∈ (Z(p)[X])m. Hence (i,x, (ŵ0, ŵ1)) ∈
PESATQ[X].

Prover moves. Appending a prover message does not change which case applies (no new verifier
message, f̂0 unchanged). In Case 2, KStateΠ′ = 0 at both transcripts. In Cases 1 and 3, G is
unchanged and KStateΠ satisfies the prover-move property.

Complete transcript. The complete transcript (π1, ρ1, . . . , πk, ρk) is post-query, so all three cases of
KStateΠ′ are in scope. V′ accepts iff the projected oracle’s response at u? is not ⊥ (equivalently,
f̃0(ψ

−1
0 (u?)) ∈ Z(p)[X]) and VΠ accepts.

Case 2. Then KStateΠ′ = 0 for every w by (106), and the projected oracle returns ⊥ at u?, so V′

rejects. Both sides of the biconditional are uniformly false.
Cases 1 and 3. The projected oracle’s response at u? is not ⊥, so V′ accepts iff VΠ accepts. In
both cases KStateΠ′ = G(ŵ0, ŵ1) · KStateΠ(̄i, x̄, tr, (w0,w1)) for the gate G specific to that case.

(⇒). V′ accepts implies KStateΠ′ = 1 for some w: VΠ accepts, so by Π’s full-transcript property
there exist (w0,w1) with KStateΠ(̄i, x̄, tr, (w0,w1)) = 1, making the second factor 1. Taking ŵ0 = f̂0
and ŵ1 = f̂1 in Case 1, or any ŵ0 ∈ (Z(p)[X])m and ŵ1 = f̂1 in Case 3, makes G = 1. Hence
KStateΠ′ = 1.

(⇐). KStateΠ′ = 1 for some w implies V′ accepts: the second factor is 1, so KStateΠ(̄i, x̄, tr, (w0,w1)) =
1 and VΠ accepts by Π’s full-transcript property. The projected oracle’s response at u? is not ⊥ (in
Case 1 because f̂0 ∈ (Z(p)[X])m globally, and in Case 3 by the case condition f̃0(ψ

−1
0 (u?)) ∈ Z(p)[X]),

so V′ accepts.

RBR-KS errors. For round i ∈ [k], let tr = (π1, ρ1, . . . , πi) be a transcript where the verifier is
about to send ρi. We bound

Pr
ρi
[∃w : KStateΠ′(tr,ExtΠ′(i,x, tr‖ρi,w)) = 0 ∧ KStateΠ′(tr‖ρi,w) = 1] . (107)

When both tr and tr‖ρi are in the same case (1 or 3), G is shared between the two sides, so the
event reduces to

∃ (w0,w1) : KStateΠ(̄i, x̄, tr,ExtΠ(̄i, x̄, tr‖ρi, (w0,w1))) = 0 ∧ KStateΠ(̄i, x̄, tr‖ρi, (w0,w1)) = 1,

which is Π’s RBR-KS event: probability ≤ κi. When both sides are in Case 2, the event is empty.
The only remaining possibility is a transition from Case 2 (tr, pre-query) to Case 3 (tr‖ρi,

post-query with non-⊥ response). This requires f̂0 /∈ (Z(p)[X])m, i = i?, and f̃0(ψ
−1
0 (u?)) ∈ Z(p)[X]

for uniformly random u?: probability ≤ ν/|Fq̃| by Theorem 5.5.
For i 6= i?, ρi does not affect which case applies, so both sides are in the same case: bound κi.

For i = i?: Case 1 gives κi? , the Case 2→ 3 transition gives ν/|Fq̃|. These are mutually exclusive
(determined by f̂0): κ′i? ≤ max(κi? , ν/|Fq̃|).

A.1.3 Zinc+ completeness, round-by-round knowledge soundness, and efficiency

We begin by introducing some supplementary lemmas.

Q0t-evaluation bitlength bound.
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Lemma A.1 (Evaluation bitlength bound, random-prime branch). Under the RELUCS typing, for
i = 0 and t ∈ [|C|], the rational coefficients of the per-row evaluated polynomial Q0t(b,y, f0) have
bit-size strictly less than

Beval
0t := B + degY,Z0

(Q0t) · (B − 1 + dlog d0e) + dlog ‖Q0t‖0e.

Proof. Fix a monomial M ∈ supp(Q0t) with explicit X-polynomial coefficient cM , of bit-size < B
and X-degree < d0 per RELUCS typing. Evaluating M at (b,y, f0) multiplies cM by degY,Z0

(M)
substituted polynomial-valued entries from y and f0, each of bit-size < B and X-degree < d0. The
Boolean entries bi contribute no bit-size growth.

Each pairwise multiplication f · g of two polynomials in Q<d0,B[X] has output coefficients
each a sum of at most d0 products of < B-bit coefficients. Each summand has absolute value
< 2B−1 · 2B−1 = 22B−2; the sum of at most d0 such summands has absolute value < d0 · 22B−2 ≤
22B−2+dlog d0e, hence bit-size < 2B − 1 + dlog d0e. Each multiplication thus grows bit-size by at
most B− 1+ dlog d0e. Iterating degY,Z0

(M) multiplications starting from cM (bit-size < B) yields
per-coefficient bit-size strictly less than

B + degY,Z0
(M) · (B − 1 + dlog d0e).

Summing M(b,y, f0) over M ∈ supp(Q0t) recovers Q0t(b,y, f0). Each output coefficient is a
sum of at most ‖Q0t‖0 summands, each strictly bounded above; hence the sum has bit-size strictly
less than the per-monomial bound plus dlog ‖Q0t‖0e. This also covers any post-substitution merging
of monomials whose K-exponents differ but whose (Y,Z0)-projections coincide, since ‖Q0t‖0 counts
pre-substitution monomials. Replacing degY,Z0

(M) by its upper bound degY,Z0
(Q0t) gives the

claim.

φ-collision bound.

Lemma A.2. Let f, j ∈ Q<d,<B[X], d ≥ 1, BP ≥ 2. Then

Pr
p←P

[
φp(f) ∈ 〈φp(j)〉 ∧ f 6∈ 〈j〉

∣∣ f, j ∈ Z(p)

]
<

8d2B

|P|(BP − 1)
.

Proof. Let (q, r) ∈ Q[X]×Q[X] be the unique quotient–remainder pair given by Euclidean division
in Q[X]:

f = jq + r, deg(r) < deg(j).

Then f ∈ 〈j〉 if and only if r = 0.
Write r in lowest terms as r = nr/dr, where nr ∈ Z[X] and dr ∈ Z+ satisfy gcd(dr, c) = 1,

where c = cont(nr) is the content of nr (the greatest common divisor of its coefficients). Similarly
write a, the leading coefficient of j, in lowest terms a = na/da. Define N := c · na. We show that
for every prime p, (

φp(f) ∈ 〈φp(j)〉 ∧ f 6∈ 〈j〉 ∧ f, j ∈ Z(p)

)
=⇒ p | N.

Fix p and assume φp(f) ∈ 〈φp(j)〉, f 6∈ 〈j〉, and f, j ∈ Z(p). Define N := c ·na. We show p | N . First
assume p - na. Then the leading coefficient of j is a unit in Z(p), so Euclidean division of f by j can
be performed in Z(p)[X]. Let (qp, rp) ∈ Z(p)[X]×Z(p)[X] be the resulting quotient–remainder pair,
so

f = jqp + rp, deg(rp) < deg(j).

105



By uniqueness of Euclidean division in Q[X], we have rp = r, and in particular r ∈ Z(p)[X].
Applying φp gives

φp(f) = φp(j) · φp(qp) + φp(r).

Since p - na, we have deg(φp(j)) = deg(j), hence deg(φp(r)) < deg(φp(j)). Together with φp(f) ∈
〈φp(j)〉, this implies φp(r) = 0. Because r ∈ Z(p)[X], we have φp(r) = 0 if and only if p | cont(nr) = c.
Hence p | c, and therefore p | N .

Next assume p - c. If also p - na, then the same argument shows r ∈ Z(p)[X] and φp(r) = 0⇐⇒
p | c, so p - c implies φp(r) 6= 0 while deg(φp(r)) < deg(φp(j)). A nonzero polynomial of degree
strictly less than deg(φp(j)) cannot lie in 〈φp(j)〉, contradicting φp(f) ∈ 〈φp(j)〉. Therefore p | na,
and hence p | N .

Let Pbad = {p ∈ P : p | N}. The above implication yields

Pr
p←P

[
φp(f) ∈ 〈φp(j)〉 ∧ f 6∈ 〈j〉

∣∣ f, j ∈ Z(p)

]
≤ |Pbad|
|P|

.

Let BN = dlog(|N |+ 1)e. If BN < BP then |Pbad| = 0. Otherwise, by Lemma 3.2,

|Pbad| <
BN − 1

BP − 1
,

so
Pr
p←P

[
φp(f) ∈ 〈φp(j)〉 ∧ f 6∈ 〈j〉

∣∣ f, j ∈ Z(p)

]
<

BN − 1

|P|(BP − 1)
. (108)

We now bound BN . Since the coefficients of f and j have bitlength < B, we may write each
coefficient in lowest terms with numerator and denominator of magnitude < 2B. Let ∆ ∈ Z+ be the
product of all coefficient denominators appearing in f and j. Then ∆ < 22dB, and the polynomials

F := ∆f ∈ Z[X], J := ∆j ∈ Z[X]

satisfy ‖F‖∞, ‖J‖∞ < 2B∆ < 2(2d+1)B.
Let m := deg(F ) and n := deg(J), so m,n < d. Let b be the leading coefficient of J . By

pseudo-division, there exist Q′, R′ ∈ Z[X] with deg(R′) < n such that

bm−n+1F = JQ′ +R′. (109)

Dividing (109) by ∆ and comparing with f = jq + r shows that

r =
R′

bm−n+1∆
.

In particular, there exists α ∈ Z+ such that R′ = αnr ∈ Z[X] and bm−n+1∆ = αdr ∈ Z\{0}, hence

c = cont(nr) ≤ ‖nr‖∞ ≤ ‖R′‖∞.

Each coefficient of R′ can be expressed as a determinant of a matrix of dimension at most m+n < 2d
whose entries are coefficients of F and J . By Hadamard’s inequality,

‖R′‖∞ ≤ (2d)d ·
(
max(‖F‖∞, ‖J‖∞)

)2d
< (2d)d ·

(
2(2d+1)B

)2d
= (2d)d · 2(4d2+2d)B.

Therefore c < (2d)d · 2(4d2+2d)B. Since |na| < 2B, we have

|N | < (2d)d · 2(4d2+2d+1)B.
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It follows that

BN = dlog(|N |+ 1)e ≤ (4d2 + 2d+ 1)B + d log(2d) + 1 < 8d2B.

Substituting this bound into Eq. (108) completes the proof.

Zinc+ PIOR round-by-round knowledge soundness (Theorem 5.13) .

Proof. We define an extractor and a state function, verify that the state function satisfies Defini-
tion 3.11, and then bound the two verifier-message transitions.

Write i = (m = 2ν , `, n,q, B, d, C = [(Qit, 〈jit〉)]i∈[0,|q|], t∈[|C|]) and x = (y).

Extractor. For any pre-challenge transcript tr, the extractor Erbr(tr) reads the oracle messages
[[̃f0]], . . . , [[̃f|q|]] already present in tr, queries each oracle at every point of the ν-dimensional Boolean
hypercube, and outputs w := (f0, f1, . . . , f|q|). Thus the extracted witness is determined by the pre-
challenge transcript and is independent of the verifier message about to be sampled.

State function. For transcript shapes not listed below, set State = 0. For listed transcript
shapes, define State as follows.

Transcript shape State = 1 iff
∅ never
[[̃f0]], . . . , [[̃f|q|]] never
above + q0, r0, . . . , r|q| Q0t, j0t,y ∈ Z(q0)[X] for all t,

f0 ∈ (Z(q0)[X])m, and (110) holds for all (i, t)
above + e0t, eit same as previous
above + a0, . . . , a|q| Q0t, j0t,y ∈ Z(q0)[X] for all t,

f0 ∈ (Z(q0)[X])m,

ai ∈ Prim(Fq̃i/Fpi) for all i ∈ [|q|],
and (111) holds for all (i, t).

Here (110) denotes the random-row ideal checks∑
b∈{0,1}logn

ψq0(Q0t(b,y, f0)) · ẽq(b, r0) ∈ 〈ψq0(j0t)〉 ⊆ Fq0 [X],

∑
b∈{0,1}logn

ψi(Qit)(b, ψi(y), ψi(f0), ψi(fi)) · ẽq(b, ri) ∈ 〈ψi(jit)〉 ⊆ Fq̃i [X], (110)

for i ∈ [|q|]. The final evaluation checks (111) are∑
b∈{0,1}logn

ψq0(Q0t)(b, ψq0(y), ψq0(f0)) · ẽq(b, r0)− e0t(a0) = 0 over Fq0 ,∑
b∈{0,1}logn

ψi(Qit)(b, ψi(y), ψi(f0), ψi(fi)) · ẽq(b, ri)− eit(ai) = 0 over Fq̃i , (111)

again for i ∈ [|q|].
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State-function conditions. The empty transcript and the post-first-prover-move transcript
both have state 0 by definition; the second prover message (e0t, eit) leaves the state unchanged.
Hence prover moves preserve state 0. On a full transcript, Algorithm 1 outputs the per-branch in-
stances of PESATQ[X](Fq̃i) (Definition 5.8). The Z(q0)-membership and primitivity entries in row 4
are exactly Algorithm 1’s well-definedness and extension-generator rejection conditions. Once these
checks pass, the PESATQ[X] constraints of the output instances are precisely the final projected
equalities (111), together with the required typing condition on f0. Hence row 4 holds iff the
verifier outputs an instance in LANG(R′), and State satisfies Definition 3.11.

Round 1: sampling q0, r0, . . . , r|q|. Suppose the first verifier message causes a 0→ 1 transition
and the extracted witness w = (f0, . . . , f|q|) does not satisfy RELUCS(i,x). Since the post-round
state is 1, the well-definedness checks hold and (110) holds for every (i, t). Since w /∈ RELUCS(i,x),
there is a branch, constraint index, and row b ∈ {0, 1}logn such that the corresponding original-ring
ideal membership fails. Let (i?, t?, b?) be the lexicographically first such triple. At this fixed triple,
the transition can occur only through one of two events.

First, if i? = 0, there can be a false projection: Q0t?(b
?,y, f0) /∈ 〈j0t?〉 over Q[X], but φq0(Q0t?(b

?,y, f0)) ∈
〈φq0(j0t?)〉 over Fq0 [X]. By Eqs. (37) and (38) and Lemma A.1, the polynomial Q0t?(b

?,y, f0) has
X-degree < δ0t? and coefficient bit-size < BEval

0t? . Applying Lemma A.2 to this fixed failed ideal
membership and using the prime-set hypotheses,

Pr
q0←P

[φq0(Q0t?(b
?,y, f0)) ∈ 〈φq0(j0t?)〉] <

8δ20t?B
Eval
0t?

|P|(BP − 1)
≤ 8

λ · 2λ
.

For i? ∈ [|q|], no analogous false projection is possible: the failed ideal membership has a nonzero
Euclidean remainder over Fqi? [X], and the coefficient-wise embedding ψi? is injective, so the pro-
jected remainder is still nonzero and the projected row residue remains outside the projected ideal.
Lemma A.2 is needed only at branch 0.

Second, conditioned on the complementary event that no false projection occurred, the multi-
linear batching over ri? may vanish. If ji?t? is a unit, no row-wise violation exists, contradicting
our choice of triple; if it is zero, the constraint is equality and the residue analysis below applies in
the ambient polynomial ring. Otherwise work in the quotient by the projected ideal: the residue
vector indexed by b ∈ {0, 1}logn is nonzero at b?. By Lemma 3.1 and the field-size hypothesis
|Fq̃i? | ≥ 2λ · 2 log n,

Pr
ri?

 ∑
b∈{0,1}logn

eq(b, ri?) · [Qi?t?(b,y, f0, fi?)] = 0

∣∣∣∣∣∣ no false projection occurred

 ≤ log n

|Fq̃i? |
≤ 2−λ−1.

where the bracketed term denotes the residue class modulo the projected ideal when ji?t? 6= 0, and
denotes the projected polynomial itself when ji?t? = 0. Thus, since λ ≥ 80,

Pr[round 1 0→ 1 transition with extractor failure] < 8

λ · 2λ
+ 2−λ−1 =

(
8

λ
+

1

2

)
2−λ ≤ 2−λ.

Round 2: sampling a0, . . . , a|q|. Suppose the second verifier message causes a 0→ 1 transition
and the extracted witness does not satisfy RELUCS(i,x). Since row 4 repeats the well-definedness
conditions from row 3, these conditions hold both before and after the challenge. The only row-3
condition not repeated in row 4 is (110); hence, because the pre-round state is 0 and the post-round
state is 1, there is some pair (i?, t?) for which (110) fails before sampling a, while (111) holds after
sampling a. Choose the lexicographically first such pair.
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For this pair, the remainder modulo the projected ideal of the difference between the batched
projected constraint polynomial and ei?t? is a nonzero polynomial in X of degree < δi?t? : if it were
zero, then (110) would hold. Schwartz–Zippel applied to this remainder polynomial evaluated at
ai? , sampled over the full field, together with the field-size hypothesis |Fq̃i? | ≥ 2λδi?t? , gives

Pr[(111) holds at (i?, t?)] ≤ δi?t? − 1

|Fq̃i? |
<

δi?t?

|Fq̃i? |
≤ 2−λ.

Sampling over the full field only increases this probability: non-primitive samples are rejected
whenever primitivity is required, and therefore cannot contribute to a 0→ 1 transition. Thus the
second verifier round has transition probability at most 2−λ.

Zinc+ PIOR completeness (Corollary 5.14).

Proof. We show that unless the verifier rejects, i.e. outputs the unsatisfiable instance-index (⊥UCS

,⊥UCS) (failing the public-quantities check, ideal-membership check, or primitivity check), the
output satisfies (i′,x′;w′) ∈ R′. Then we bound the probability VUCS outputs (⊥UCS,⊥UCS). We
begin with (i,x,w) ∈ RELUCS, where

i = (m, `, n = 2µ,q, B,d, C = [(Qit, 〈jit〉)]i∈[0,|q|],t∈[|C|]), x = (y) ∈ (Z<d0,B(q) [X])`

w = (f0, f1, . . . , f|q|), f0 ∈ Q<d0,B[X]m, fi ∈ F<diqi [X]m for i ∈ [|q|].

In step 1, the prover sends the oracles for f̃0 ∈ (Q<d0,B[X])[W] and f̃1, . . . , f̃|q| ∈ (F<diqi [X])[W],
which are the MLEs of the corresponding witness vectors. Suppose step 2 passes (i.e., Q0t, j0t,
y ∈ Z(q0)[X] for all t) and that f0 ∈ (Z(q0)[X])m. In step 3, the prover sends

e0t =
∑

b∈{0,1}µ φq0(Q0t)(b, φq0(y), φq0(f0)) · ẽq(b, r0) ∈ Fq0 [X]

eit =
∑

b∈{0,1}µ ιq̃i(Qit)(b, φq̃i(y), φq̃i(f0), ιq̃i(fi)) · ẽq(b, ri) ∈ Fq̃i [X]

for i ∈ [|q|], t ∈ [|C|]. By the X-degree bound in Section 5.1, the honest prover’s eit has X-degree at
most δit − 1, so the type restriction at Step 3 is automatically satisfied. Since (i,x,w) ∈ RELUCS,
the ideal membership conditions hold for each row, so by Lemma 5.1 the bundled error terms satisfy
e0t ∈ 〈φq0(j0t)〉 and eit ∈ 〈ιq̃i(jit)〉; thus step 4 passes. The verifier defines

Q′0t =
∑

b∈{0,1}µ ψq0,a0(Q0t)(b,Y,Z0) · ẽq(b, r0)− e0t(a0) ∈ Fq0 [Y,Z0]

Q′it =
∑

b∈{0,1}µ ψqi,ai(Qit)(b,Y,Z0,Z1) · ẽq(b, ri)− eit(ai) ∈ Fq̃i [Y,Z0,Z1]

Then plugging in y′i = ψqi,ai(y), f ′i0 = ψqi,ai(f0), f ′i1 = ψqi,ai(fi) we obtain

Q′0t =
∑

b∈{0,1}µ (ψq0,a0(Q0t)(b, ψq0,a0(y), ψq0,a0(f0)) · ẽq(b, r0))
−
(∑

b∈{0,1}µ φq0(Q0t)(b, φq0(y), φq0(f0)) · ẽq(b, r0)
)
(a0)

=
∑

b∈{0,1}µ ẽq(b, r0) ·
[
ψq0,a0(Q0t)(b, ψq0,a0(y), ψq0,a0(f0))

− φq0(Q0t)(b, φq0(y), φq0(f0))(a0)
]
= 0,

and similarly

Q′it =
∑

b∈{0,1}µ (ψqi,ai(Qit)(b, ψqi,ai(y), ψqi,ai(f0), ψqi,ai(fi)) · ẽq(b, ri))
−
(∑

b∈{0,1}µ ιq̃i(Qit)(b, φq̃i(y), φq̃i(f0), ιq̃i(fi)) · ẽq(b, ri)
)
(ai)

=
∑

b∈{0,1}µ ẽq(b, ri) ·
[
ψqi,ai(Qit)(b, ψqi,ai(y), ψqi,ai(f0), ψqi,ai(fi))

− ιq̃i(Qit)(b, φq̃i(y), φq̃i(f0), ιq̃i(fi))(ai)
]
= 0.
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This shows constraint (ii) of PESATQ[X](Fq̃i) holds for each branch. For constraint (i): since
(i,x,w) ∈ RELUCS, the well-definedness condition gives f0 ∈ (Z(q1···q|q|)[X])m ⊆ (Z(pi)[X])m for
each i, where pi is the characteristic of qi. Assuming the verifier did not reject the primitivity check
(i.e., ai ∈ Prim(Fq̃i/Fpi) for every i ∈ [|q|] with κi > 1), the honest prover’s oracles [[̃f0]] and [[̃fi]]
are the MLEs of f0 and fi, as required by PESATQ[X] (Definition 5.8). Hence (i′,x′;w′) ∈ R′.

It remains to bound the probability of incompleteness events. The honest prover succeeds
unless either (a) q0 divides a denominator of some rational coefficient of y, f0, j0t, or Q0t, or (b)
ai /∈ Prim(Fq̃i/Fpi) for some i ∈ [|q|] with κi > 1 (causing the verifier to output (⊥UCS,⊥UCS) via
the primitivity check). Case (a) causes the verifier to output (⊥UCS,⊥UCS) via the public-quantities
check when the affected coefficient is among y, j0t, Q0t, and via the ideal-membership check when
it is in f0, since the honest prover cannot then compute e0t ∈ 〈φq0(j0t)〉.
Bound on (a). The total number of rational coefficients we apply φq0 to is

Nrat := d0

`+m+ |C|+
∑
t∈[|C|]

‖Q0t‖0

 .

Each such coefficient has numerator and denominator absolute value < 2B−1. Let BP denote the
minimum bit-length over P, so q0 ≥ 2BP−1 for all q0 ∈ P; the i = 0 case of the second hypothesis
of Theorem 5.13 gives BP ≥ λ+ 1. By Lemma 3.2 and the union bound over the Nrat coefficients,

Pr[(a) fails] < Nrat(B − 1)

|P|(BP − 1)
≤ Nrat ·B

2λ · λ ·maxt(δ20tB
eval
0t )

,

matching the corollary’s first term.
Bound on (b). For i ∈ [|q|] with κi > 1 (where κi = ei`i = [Fq̃i : Fpi ], so κi > 1 iff q̃i 6= pi), the
honest prover fails the primitive-element check only if ai /∈ Prim(Fq̃i/Fpi). Writing q̃i = pκii , this
event occurs only when ai lies in a proper intermediate subfield Fpdi with d | κi and d < κi. By
union bound over divisors,

Pr[ai /∈ Prim(Fq̃i/Fpi)] ≤
∑
d|κi
d<κi

pd−κii .

(Möbius inclusion-exclusion gives the exact count |Prim(Fq̃i/Fpi)| =
∑

d|κi µ(κi/d) · p
d
i , yielding

Pr[ai /∈ Prim] = 1− p−κii

∑
d|κi µ(κi/d) · p

d
i ; we use the simpler union-bound form because it is tight

up to negligible lower-order terms in the standard case where κi is a prime-power.)
When κi = 1, the extension is trivial and Step 5 imposes no primitivity check, so no completeness

failure arises from this branch. For i = 0, no primitivity condition is needed for honest completeness,
since q̃0 = q0 is the trivial extension and the honest polynomial identity evaluates correctly at every
a0 ∈ Fq0 . Summing over i ∈ [|q|] with κi > 1 gives the second term of Corollary 5.14.

A.1.4 Compiled Zinc+ IOP

Proof of Theorem 5.17. The protocol ΠΣ is the protocol from the theorem statement: it runs Al-
gorithm 1 followed by the lifted protocols Π′0,Π

′
1, . . . ,Π

′
|q| in parallel.

PIOR prefix. By Theorem 5.13, the protocol of Algorithm 1 has state-function-form RBR-KS
with errors at most 2−λ per round. Per [BCFW25, Theorem C.1], it thus has knowledge-state-form
RBR-KS with the same per-round errors. Its output relation is R′ (Definition 5.12).
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Lifted CP-PIOPs. For each i ∈ [0, |q|], Theorem 5.11 gives Π′i per-round error max(κΠi , ν/(|Fq̃i |))
at the special query round and κΠi otherwise. By Item 1, κΠi ≤ 2−λ

′ . By the field-size hypothesis,
ν/(|Fq̃i |) ≤ 2−λ

′ . Hence every per-round error of Π′i is at most 2−λ
′ . Since 2−λ

′ ≤ 2−λ/(|q| + 1),
every per-round error of every lifted branch protocol is at most 2−λ/(|q|+1). Since the underlying
Πi is CP and Construction 5.9 simulates verifier queries to the projected oracle without introducing
new oracle messages, Π′i is also CP over Algorithm 1’s oracle handles.

Parallel branch phase. After the protocol of Algorithm 1, the lifted protocols Π′0, . . . ,Π
′
|q| run

in parallel. In global branch-phase round j, the verifier samples one uniform bitstring ρj . Every
active branch receives ρj and applies its own deterministic verifier map to interpret ρj as its local
round-j message. Branches whose local protocols have already terminated are idle. Thus the branch
phase has maxi∈[0,|q|] ki rounds.

We use the auxiliary-slot convention of Remark 3.10. A branch-phase knowledge state witness
has the form w = (w′, ζ0, . . . , ζ|q|), where w′ has the structured R′-witness type and each ζi is an
auxiliary knowledge state witness for the lifted protocol Π′i. The auxiliary slots are not part of the
R′ witness; they are used only to evaluate the branch-local knowledge state functions and their
extractors, exactly as in Theorem 5.11.

For each branch i, let (ii, x̄i; w̄i) be the induced branch triple determined by (i′,x′;w′) in
Definition 5.12. By Theorem 5.11, the lifted protocol Π′i has a knowledge state function and
extractor in which the branch-local knowledge state witness is (w̄i, ζi), where w̄i is the candidate
PESATQ[X] witness for the induced branch triple and ζi is the auxiliary inner knowledge state
witness. In the proof of Theorem 5.11, the extractor preserves the candidate PESATQ[X] witness
and updates only the auxiliary inner component. Write KStatei(tri; w̄i, ζi) for this branch-local
knowledge state function.

Define the branch-product predicate

KStatebr(tr,w) :=
∧

i∈[0,|q|]

KStatei(tri; w̄i, ζi),

where tri is the branch-local transcript: it is empty before branch i starts, partial while branch i is
running, and full after branch i has terminated.

The knowledge state function for the parallel branch phase is

KState‖(tr,w) :=



1 if tr = ∅ and (i′,x′;w′) ∈ R′,
0 if tr = ∅ and (i′,x′;w′) /∈ R′,
1 if tr is partial and (i′,x′;w′) ∈ R′,
KStatebr(tr,w) if tr is partial and (i′,x′;w′) /∈ R′,
1 if tr is full and all lifted branch protocols accept,
0 if tr is full and some lifted branch protocol rejects.

Equivalently, at partial transcripts, KState‖ is the disjunction of R′ source membership for w′ and
the branch-product predicate.

The branch-phase extractor is defined similarly. On input (tr‖ρ,w), if (i′,x′;w′) ∈ R′, it
returns w. Otherwise, it keeps w′ fixed and applies the branch extractors componentwise to the
active branch-local auxiliary data: E‖(tr‖ρ,w) =

(
w
′, ζ ′0, . . . , ζ

′
|q|
)
.

where ζ ′i is the auxiliary component returned by the extractor for Π′i on the local input
(tri‖ρi; w̄i, ζi) for active branches, and ζ ′i = ζi for idle branches. The induced branch source
witnesses w̄i remain fixed because they are determined by the unchanged shared witness w′.
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The empty-transcript clause of Definition 3.8, with the auxiliary-slot convention of Remark 3.10,
holds by the first two cases in the definition of KState‖. For the prover-move clause, suppose
KState‖(tr,w) = 0 at a prover-move transcript. Then (i′,x′;w′) /∈ R′. If tr = ∅, then by Defini-
tion 5.12, at least one induced branch triple is not in its PESATQ[X] relation. By the empty-transcript
property for the lifted branch protocol in Theorem 5.11, the corresponding branch-local knowledge
state is 0 for all auxiliary choices: KStatei(∅; w̄i, ζi) = 0.

By the prover-move clause for that lifted branch protocol, it remains 0 after the prover mes-
sage. If tr is partial, then KStatebr(tr,w) = 0, so some component is already 0 and the same
componentwise prover-move argument applies. Thus KState‖ remains 0 after any prover move. At
a full branch-phase transcript, the target is R⊥, so by the accept/reject convention for R⊥, the
full-transcript clause holds because KState‖ = 1 exactly when all lifted branch protocols accept.

For the verifier-transition bound, fix a global pre-round transcript, a candidate branch-phase
knowledge state witness w = (w′, ζ0, . . . , ζ|q|), and a branch-phase round j. If (i′,x′;w′) ∈ R′,
then the extractor returns w, so the previous state is already 1 and no bad transition occurs. Thus
assume (i′,x′;w′) /∈ R′. Let Aj ⊆ [0, |q|] be the set of branches that receive a verifier message in
this global round. Branches outside Aj have unchanged local transcripts during this round. If

KState‖(tr, E‖(tr‖ρ,w)) = 0 and KState‖(tr‖ρ,w) = 1,

then the source-membership disjunct is false for both w and E‖(tr‖ρ,w), because the extractor
leaves w′ unchanged. Therefore the pre-state is controlled by the branch-product predicate. The
post-state being 1 implies that all active branch-local post-states are 1; if a branch completes in
this round, this is exactly the full local state, by the full-transcript clause for the lifted branch
protocol. Inactive branch-local states do not change during this round. Hence some active branch
i ∈ Aj has a component transition from 0 to 1:

KStatei(tri; w̄i, ζ
′
i) = 0 and KStatei(tri‖ρi; w̄i, ζi) = 1.

For each active branch i ∈ Aj , the shared string ρj is distributed exactly as the verifier message
in the standalone round-j execution of Π′i. Hence the RBR knowledge soundness bound for that
branch applies. A union bound over the active branches gives

Pr
ρj

[
KState‖(tr, E‖(tr‖ρj ,w)) = 0 ∧ KState‖(tr‖ρj ,w) = 1

]
≤
∑
i∈Aj

κbri,j .

By the lifted-branch bound above, each κbri,j ≤ 2−λ/(|q| + 1), and |Aj | ≤ |q| + 1. Hence every
branch-phase verifier round has error at most 2−λ per round.

Sequential composition with the PIOR prefix. The protocol ΠΣ is the sequential composi-
tion of the PIOR prefix, which reduces RELUCS to R′, and the parallel branch phase, whose source
is R′ and whose target is R⊥. At the boundary, we carry the auxiliary slots ζi using the convention
of Remark 3.10; these slots are not part of the R′ witness and are used only by the branch-local
knowledge states. The composed knowledge state uses the PIOR-prefix knowledge state during
the prefix and the parallel branch-phase knowledge state after the PIOR verifier outputs the struc-
tured R′ instance. Hence the per-round error vector is the concatenation of the PIOR-prefix and
branch-phase error vectors, whose entries are all at most 2−λ. Thus ΠΣ has knowledge-state-form
RBR-KS with per-round error at most 2−λ, and round count kPIOR +maxi∈[0,|q|] ki.

Compilation interface. Each lifted Π′i is CP, so it sends no polynomial-oracle messages. The
only polynomial oracles in ΠΣ are therefore Algorithm 1’s first-round oracles [[̃f0]], . . . , [[̃f|q|]]. Hence
ΠΣ satisfies the structural interface of Theorem B.2.
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Compiled IOP. Applying Theorem B.2 to ΠΣ with the IOPPs of Item 2 produces a compiled
IOP whose per-round RBR-KS error vector consists of the inherited PIOP-simulation errors from
ΠΣ, the one-shot out-of-domain entry εood, and the final IOPP-round entries from Theorem B.2.
The inherited PIOP entries are at most 2−λ by the PIOR-prefix and parallel-branch arguments
above. The out-of-domain entry is at most 2−λ by hypothesis. Each final IOPP-round entry is at
most 2−λ by Item 2 and the error vector of Theorem B.2. Hence every entry of the compiled IOP’s
error vector is at most 2−λ.

A.2 Proofs for the Zip+ IOPP

This subsection proves round-by-round knowledge soundness for the constrained interleaved-code
IOPP and the batched multilinear IOPP from Section 6.

A.2.1 Round-by-round knowledge soundness for the constrained interleaved-code
IOPP

Proof of Theorem 6.2, round-by-round knowledge soundness. We work against Definitions 3.8 and 3.9.
Write a = (a1, . . . , aJ) ∈ FJm. We first define the knowledge states and extractors associated with
the two verifier messages, and then verify the required bounds for each round.

Knowledge states and extractors. We define knowledge states KState0,KState1,KState2. The
initial state is

KState0(i,x, ∅,w) = 1 ⇐⇒ (i,x;w) ∈ RELCIC.

As required by Definition 3.8, the knowledge state is unchanged after prover messages.
After the verifier’s first message in step 1, the transcript is

τ1 = (r1, . . . , rJ).

Set

v∗ =

J∑
j=1

rjvj , α∗ ≡
J∑
j=1

rjaj (mod m).

We define
KState1(i,x, τ1,w) = 1

if and only if w = w? ∈
(
Q<2J(B0+K)+log(m)

)k and

dist(v∗,Mw?) ≤ β and w? · u ≡ α∗ (mod m).

The extractor E1(i,x, τ1, w
?) is defined as follows.

(i) Compute the agreement set

S := {` ∈ [n] : (Mw?)` = (v∗)`}.

(ii) If |S| < (1− β)n, output ⊥.

(iii) Otherwise, solve a linear system to find a tuple (f1, . . . , fJ) ∈
(
(Q<B)k

)J such that

Mfj |S = vj |S ∀j ∈ [J ], φm(fj) · u = aj∀ j ∈ [J ],
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and
J∑
j=1

rjfj = w?.

If no such tuple exists, output ⊥; otherwise output the tuple found.

We interpret ⊥ as an invalid witness, so KState0(i,x, ∅,⊥) = 0.
After the verifier’s second message in step 3, the transcript is

τ2 =
(
(r1, . . . , rJ), w, (`1, . . . , `C)

)
.

We define
KState2(i,x, τ2,w) = 1

if and only if the verifier accepts on transcript τ2. Finally, the round-2 extractor simply returns
the prover’s message from step 2:

E2(i,x, τ2,w) = w.

It is immediate that KState0,KState1,KState2 satisfy the requirements of Definition 3.8.

First round of interaction. Throughout, we will write Errpg := Errpg(M,β,K) to denote the
MCA error of the code generated by M at distance β with respect to [2K ]. Knowledge soundness
for the first verifier message is established by the following lemma.

Lemma A.3. Let τ0 = ∅. Then

Pr
ρ=(r1,...,rJ )∈[2K ]J

[
∃w : KState0

(
i,x, τ0,E1(i,x, τ0‖ρ,w)

)
= 0

∧ KState1(i,x, τ0‖ρ,w) = 1
]
≤ (J − 1)errpg +

L

2K−1
.

Proof. Let Γβ be the set of all tuples (f1, . . . , fJ) ∈ (Qk)J such that

dist
(
(Mf1, . . . ,MfJ), (v1, . . . , vJ)

)
≤ β.

By the list-decoding property of CJ , we have |Γβ| ≤ L.
Fix ρ = (r1, . . . , rJ), write τ1 = τ0‖ρ, and suppose there exists w? such that

KState1(i,x, τ1, w
?) = 1 but KState0

(
i,x, τ0,E1(i,x, τ1, w

?)
)
= 0.

Let
S := {` ∈ [n] : (Mw?)` = (v∗)`}.

Since KState1(i,x, τ1, w
?) = 1, we have |S| ≥ (1 − β)n. The extractor can fail only if at least one

of the following bad events occurs:

(a) There exists w? ∈
(
Q<2J(B0+K)+log(m)

)k such that dist(v∗,Mw?) ≤ β, but either

• w? 6=
∑J

j=1 rjfj for every (f1, . . . , fJ) ∈ Γβ, or
• for the set S above there is no tuple (f1, . . . , fJ) ∈ Γβ such that Mfj |S = vj |S for all j ∈ [J ]

and
∑J

j=1 rjfj = w?.
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(b) There exists (f1, . . . , fJ) ∈ Γβ with fj /∈ (Q<B)k for some j ∈ [J ] and
J∑
j=1

rjfj = w?

for some w? ∈
(
Q<2J(B0+K)+log(m)

)k.
(c) There exists (f1, . . . , fJ) ∈ Γβ such that fj · u 6≡ aj (mod m) for some j ∈ [J ], and

J∑
j=1

rjfj = w? with φm(w
?) · u = vα∗

for some w? ∈
(
Q<2J(B0+K)+log(m)

)k.
Indeed, if none of these events occurs and KState1(i,x, τ1, w

?) = 1, then there is a tuple
(f1, . . . , fJ) ∈ Γβ such that Mfj |S = vj |S for all j,

∑J
j=1 rjfj = w?, each fj has bitlength < B, and

each fj ·u ≡ aj (mod m). By definition of Γβ, the interleaved codeword (Mf1, . . . ,MfJ) is β-close
to (v1, . . . , vJ). Hence (f1, . . . , fJ) is a valid witness for KState0, and E1 outputs such a tuple rather
than ⊥. Therefore the failure event in the lemma can only occur if at least one of the above items
occur.

By Theorem 3.6, event (a) occurs with probability at most (J − 1)errpg.
For event (b), fix (f1, . . . , fJ) ∈ Γβ such that fj /∈ (Q<B)k for some j, meaning that this tuple

has at least one entry with large bitsize. By Lemma 6.11, the probability over the random choice of
r1, . . . , rJ that

∑J
j=1 rjfj lies in the allowed message space

(
Q<2J(B0+K)+log(m)

)k is at most 2−K .
Union bounding over the at most L tuples in Γβ, we obtain

Pr[event (b)] ≤ L

2K
.

For event (c), fix (f1, . . . , fJ) ∈ Γβ such that fj · u 6≡ aj (mod m) for some j ∈ [J ]. If all fj lie
in Qk

(m), then  J∑
j=1

φm(rj)φm(fj)

 · u =

J∑
j=1

φm(rj)aj

is a nontrivial linear equation in the random coefficients r1, . . . , rJ , so it holds with probability at
most 2−K . If some fj /∈ Qk

(m), meaning it has an entry with denominator divisible by m, then by
Lemma 6.13 the vector

∑J
j=1 rjfj has denominator divisible by m with probability at least 1−2−K .

On this event the congruence  J∑
j=1

φm(rj)φm(fj)

 · u = vα∗

cannot hold. Thus, for each fixed tuple in Γβ, event (c) occurs with probability at most 2−K , and
another union bound gives

Pr[event (c)] ≤ L

2K
.

Combining the three bounds yields

Pr
ρ=(r1,...,rJ )

[
∃w : KState0

(
i,x, τ0,E1(i,x, τ0‖ρ,w)

)
= 0 ∧ KState1(i,x, τ0‖ρ,w) = 1

]
≤ (J−1)errpg+

L

2K−1
,

as claimed.

115



Second round of interaction. We establish knowledge soundness for the second verifier message
in the following lemma.

Lemma A.4. For every partial transcript

τ = ((r1, . . . , rJ), w)

ending just before step 3, we have

Pr
ρ=(`1,...,`C)

[
∃w : KState1

(
i,x, τ,E2(i,x, τ‖ρ,w)

)
= 0 ∧ KState2(i,x, τ‖ρ,w) = 1

]
≤ (1− β)C .

Proof. Fix τ = ((r1, . . . , rJ), w), and let

v∗ =
J∑
j=1

rjvj , α∗ ≡
J∑
j=1

φm(rj)aj .

By construction, E2(i,x, τ‖ρ,w) = w. Moreover, the message space in step 2 guarantees that

φm(w) · u = α∗.

Hence the only way that
KState1

(
i,x, τ,E2(i,x, τ‖ρ,w)

)
= 0

can occur is if dist(v∗,Mw) > β. If this happens, then Mw and v∗ disagree on more than a
β-fraction of the coordinates, so the probability that all C spot checks pass is at most (1 − β)C .
Therefore

Pr
ρ=(`1,...,`C)

[
∃w : KState1

(
i,x, τ,E2(i,x, τ‖ρ,w)

)
= 0 ∧ KState2(i,x, τ‖ρ,w) = 1

]
≤ (1− β)C ,

as required.

A.2.2 Round-by-round knowledge soundness for the batched multilinear IOPP

Proof of Theorem 6.5, round-by-round knowledge soundness. We work in the simple one-constraint
case.

For each j ∈ [k2], recall that we write

vj =
∑
i<d

v
(i)
j Xi, wj =

∑
i<d

w
(i)
j X

i, α =
∑
i<d

α(i)Xi.

For each i ∈ [0 . . . d− 1], let V (i) ∈ Qk2×n denote the k2-interleaving

V (i) = (v
(i)
1 , . . . , v

(i)
k2
),

and let W (i) ∈ Qk2×k1 denote the coefficient matrix whose j-th row is w(i)
j .

We let Γβ denote the list of coefficient-tuples

(F (0), . . . , F (d−1)) ∈
(
Qk2×k1

)d
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such that there exists a set S ⊆ [n] of size at least (1− β)n for which

F (i)MT |S = V (i)|S ∀i ∈ [0 . . . d− 1].

Equivalently, Γβ is the list of underlying messages in the β-list of the interleaved input. By the
same list-decoding assumption of C, we have

|Γβ| ≤ L.

Throughout, we will write Errpg := Errpg(M,β,K) to denote the MCA error of the code generated
by M at distance β with respect to [2K ].

Knowledge states and extractors.
We define knowledge states only after verifier moves. For transcripts ending in prover moves,

the knowledge state is unchanged.

Initial state. We define

KState0(i,x, ∅,w) = 1 ⇐⇒ (i,x;w) ∈ RELBMLE,Q.

Round 1 knowledge state. After the verifier samples γ0, . . . , γd−1 ∈ [2K ], the transcript is

τ1 = (γ0, . . . , γd−1).

Set
V ∗ :=

∑
i<d

γiV
(i) ∈ (Qk2)n and α∗ :=

∑
i<d

γiα
(i) ∈ Fm.

We define
KState1(i,x, τ1,w) = 1

if and only if w =W ∗ ∈
(
Q<Bagg

)k2×k1 and

dist(V ∗,W ∗MT ) ≤ β and qT2W
∗q1 ≡ α∗ (mod m).

Round 1 extractor. The extractor E1(i,x, τ1,W
∗) works as follows.

(i) Compute the agreement set

S := {` ∈ [n] : (W ∗MT )` = V ∗` }.

(ii) If |S| < (1− β)n, output ⊥.

(iii) Otherwise, solve the linear system to find a tuple

(F (0), . . . , F (d−1)) ∈
((

Q<B
)k2×k1)d

satisfying
F (i)MT |S = V (i)|S ∀i < d,

qT2 F
(i)q1 ≡ α(i) (mod m) ∀i < d,
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and ∑
i<d

γiF
(i) =W ∗.

If no such tuple exists, output ⊥. Otherwise output the matrix

W :=
∑
i<d

F (i)Xi ∈
(
Q<d,B[X]

)k2×k1
.

As before, ⊥ is interpreted as an invalid witness.

The ΠCIC phase. After the prover sends a ∈ Fk2m , the verifier checks

q2 · a ≡ α∗ (mod m)

and rejects otherwise. Conditioned on passing this check, define the derived RELCIC-instance

iCIC = (M,Bcode, n, k1, k2, B
′, β, (q1, a,m)), xCIC = ([[v]]∗1, . . . , [[v]]

∗
k2),

where v∗j =
∑

i<d γiv
(i)
j . For all subsequent verifier messages, we use exactly the knowledge states

and extractors from Appendix A.2.1 for the protocol ΠCIC on this derived instance.

First round of interaction (batched).

Lemma A.5. Let τ0 = ∅. Then

Pr
ρ=(γ0,...,γd−1)

[
∃w : KState0

(
i,x, τ0,E1(i,x, τ0‖ρ,w)

)
= 0 ∧ KState1(i,x, τ0‖ρ,w) = 1

]
≤ (d−1)errpg+

L

2K−1
.

Proof. Fix ρ = (γ0, . . . , γd−1), let τ1 = τ0‖ρ, and suppose there exists W ∗ such that

KState1(i,x, τ1,W
∗) = 1 but KState0

(
i,x, τ0,E1(i,x, τ1,W

∗)
)
= 0.

Let
S := {` ∈ [n] : (W ∗MT )` = V ∗` }.

Since KState1(i,x, τ1,W
∗) = 1, we have |S| ≥ (1− β)n. The extractor can fail only if at least one

of the following bad events occurs:

(a) There exists W ∗ ∈
(
Q<Bagg

)k2×k1 such that dist(V ∗,W ∗MT ) ≤ β, but either
• W ∗ 6=

∑
i<d γiF

(i) for every (F (0), . . . , F (d−1)) ∈ Γβ, or
• for the set S above there is no tuple (F (0), . . . , F (d−1)) ∈ Γβ such that

F (i)MT |S = V (i)|S ∀i < d and
∑
i<d

γiF
(i) =W ∗.

(b) There exists (F (0), . . . , F (d−1)) ∈ Γβ such that F (i) /∈
(
Q<B

)k2×k1 for some i < d, and∑
i<d

γiF
(i) =W ∗

for some W ∗ ∈
(
Q<Bagg

)k2×k1 .
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(c) There exists (F (0), . . . , F (d−1)) ∈ Γβ such that

qT2 F
(i)q1 6≡ α(i) (mod m)

for some i < d, and∑
i<d

γiF
(i) =W ∗ with qT2W

∗q1 ≡ α∗ (mod m)

for some W ∗ ∈
(
Q<Bagg

)k2×k1 .

Indeed, if none of these events occurs and KState1(i,x, τ1,W
∗) = 1, then the exhaustive search

in E1 finds a tuple
(F (0), . . . , F (d−1)) ∈

((
Q<B

)k2×k1)d
with

F (i)MT |S = V (i)|S ∀i < d, qT2 F
(i)q1 ≡ α(i) (mod m) ∀i < d,

and
∑

i<d γiF
(i) =W ∗. Repacking these coefficient matrices into

W (X) =
∑
i<d

F (i)Xi

yields a valid witness for KState0, contradiction.
We now bound the three bad events.
For event (a), apply the same list-preservation argument as in Appendix A.2.1, now to the d

coefficient-blocks V (0), . . . , V (d−1). By Theorem 3.6, event (a) occurs with probability at most

(d− 1)errpg.

For event (b), fix (F (0), . . . , F (d−1)) ∈ Γβ such that F (i) /∈
(
Q<B

)k2×k1 for some i. Flattening
matrices into vectors and applying Lemma 6.11, the probability that∑

i<d

γiF
(i)

lands in the allowed message space
(
Q<Bagg

)k2×k1 is at most 2−K . Union bounding over the at most
L tuples in Γβ gives

Pr[event (b)] ≤ L

2K
.

For event (c), fix (F (0), . . . , F (d−1)) ∈ Γβ such that

qT2 F
(i)q1 6≡ α(i) (mod m)

for some i < d. If all values qT2 F (i)q1 lie in Q(m), then∑
i<d

γi
(
qT2 F

(i)q1 − α(i)
)
≡ 0 (mod m)

is a nontrivial linear equation in γ0, . . . , γd−1, so it holds with probability at most 2−K . If one of
the values qT2 F (i)q1 is not in Q(m), then by Lemma 6.13 the sum

qT2

(∑
i<d

γiF
(i)
)
q1
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has denominator divisible by m with probability at least 1− 2−K , and hence cannot be congruent
to α∗ modulo m except with probability at most 2−K . Union bounding over Γβ yields

Pr[event (c)] ≤ L

2K
.

Combining the three bounds gives

Pr
ρ=(γ0,...,γd−1)

[
∃w : KState0

(
i,x, τ0,E1(i,x, τ0‖ρ,w)

)
= 0 ∧ KState1(i,x, τ0‖ρ,w) = 1

]
≤ (d−1)errpg+

L

2K−1
,

as claimed.

Transition to the ΠCIC phase.
The next message a is sent by the prover, so by definition the knowledge state does not change.

To compose with ΠCIC, we only need to verify that any witness invalid for KState1 is also invalid
for the initial state of the derived ΠCIC-instance.

Lemma A.6. Let
τ = ((γ0, . . . , γd−1), a)

be a transcript up to the end of Step 4, and assume that the verifier’s check q2 · a ≡ α∗ (mod m)
passes. If

KState1(i,x, (γ0, . . . , γd−1),W
∗) = 0,

then W ∗ is not a valid witness for the initial relation of the derived ΠCIC-instance

(iCIC,xCIC) =
(
(M,n, k1, k2, B

′, β, (q1, a,m)), ([[v]]∗1, . . . , [[v]]
∗
k2)
)
.

Consequently, for any subsequent prover messages in ΠCIC, the knowledge state remains invalid.

Proof. If KState1(i,x, (γ0, . . . , γd−1),W ∗) = 0, then either

dist(V ∗,W ∗MT ) > β

or
qT2W

∗q1 6≡ α∗ (mod m).

In the first case, W ∗ is not a valid witness for the derived RELCIC-instance because the proximity
condition fails.

In the second case, if W ∗ were a valid witness for the derived RELCIC-instance, then it would
satisfy

W ∗q1 ≡ a (mod m)

row-wise. Multiplying by qT2 , we would obtain

qT2W
∗q1 ≡ q2 · a ≡ α∗ (mod m),

where the last congruence is exactly the verifier’s check in Step 4. This contradicts qT2W ∗q1 6≡ α∗

(mod m). Hence W ∗ is not a valid witness for the derived instance in this case either.
The final statement follows from the prover-move monotonicity of knowledge states.
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Remaining rounds.
From this point onward the protocol is exactly an execution of ΠCIC on the derived instance

(iCIC,xCIC). We therefore use the same knowledge states and extractors as in Appendix A.2.1 for
that derived instance.

By Lemma A.6, any witness that is invalid for the previous BMLE knowledge state is also invalid
for the initial knowledge state of the derived ΠCIC-execution. Hence the remaining round-by-round
knowledge soundness errors are exactly those of ΠCIC, namely

errCIC1 and errCIC2 .

Combining this with Lemma A.5, we conclude that Algorithm 3 has round-by-round knowledge
soundness with error tuple (

(d− 1)errpg + L/2K−1, errCIC1 , errCIC2

)
.

A.2.3 Proofs of proximity-gap theorems

This subsection proves the deferred proximity-gap results from Section 6, namely the basic mutual
correlated agreement bound, its J-function generalization, and the corresponding list-preservation
property.

Mutual correlated agreement up to the 1.5 Johnson bound. The rest of the section is
dedicated to the proof of Theorem 3.4. Towards it, we first prove a slight variant of Theorem 3.4
wherein only one random coefficient is sent.

Theorem A.7. Let C ⊆ Qn be a linear code with relative distance δ. Then, for any ε, β ∈ [0, 1)
such that β = a/n for some a ∈ N and

β > (1− δ + ε)1/3, ε < 0.18,

and any R ⊆ Q, the following holds for any v1, v2 ∈ Qn:

Pr
r
[ADC,β(v1 + r · v2) 6⊆ ∩2i=1ADC,β(vi)] ≤

n

ε|R|
.

The proof of Theorem A.7 is essentially the same as in [Zei24], but we include it in the next
subsection for completeness. Before doing so, we show how Theorem 3.4, restated below, follows
from Theorem A.7.

Theorem A.8. Let C ⊆ Qn be a linear code with relative distance δ. Then, for any ε, β ∈ [0, 1)
such that β = a/n for some a ∈ N and

β > (1− δ + ε)1/3, ε < 0.18,

and any R ⊆ Q, the code C satisfies MCA with respect to R up to distance β with error n
ε|R| .

Proof. Fix any v1, v2 ∈ Qn. Choose r1 ∈ R uniformly and note that ADC,β(r1v1) = ADC,β(v1). Now
the result follows from applying Theorem A.7 to r1v1 and v2 with coefficients from R.
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Proof of Theorem A.7

Throughout this section, fix v1, v2 ∈ Qn, and a set of coefficients R ⊆ Q. Our goal is to show that

Pr
r∈R

[
ADC,β(v1 + rv2) 6⊆ ∩2i=1ADC,β(vi)

]
≤ n

ε|R|
.

We use ν(·) to denote measure in [n].

Bad Coefficients. Let A denote the set of “bad coefficients” r ∈ R such that the event in the
probability of Theorem 3.4 occurs. That is, r ∈ A if and only if there exists S ⊆ [n] of measure
at least β such that (v1 + rv2)|S ∈ C|S , v1|S and v2|S are not both in C|S′ . Using this notation,
Theorem 3.4 amounts to showing that |A| ≤ n

ε .

Bad Sets. We similarly define a collection of “bad sets”, S ⊆ 2[n]. Let S ⊆ [n] be in S if and
only if ν(S) ≥ β and there exists some r ∈ R for which S satisfies the following two conditions:

• S is the largest set satisfying (v1 + rv2)|S ∈ C|S .

• One of v1|S or v2|S is not in C|S .

Note that it is clear by definition that each bad coefficient r ∈ A corresponds to exactly one
bad set S ∈ S. We start by showing a converse statement, that for each bad set S ∈ S, there is a
unique bad coefficient r ∈ R such that S satisfies the above two conditions with respect to r.

Claim A.9. There is a bijection between A and S.

Proof. The forward direction of the bijection is clear by definition. For each r ∈ A, we map r to
Sr, the largest set S ⊆ [n] with measure at least β such that (v1+ rv2)|S ∈ C|S , but either v1 /∈ C|S
or v2 /∈ C|S .

We show the reverse direction of the bijection. Suppose that there are two distinct coefficients
r1, r2 ∈ R such that both satisfy the above two items for S. Then, we have that

(v1 + r1v2)|S ∈ C|S and (v1 + r2v2)|S ∈ C|S ,

which implies, by linearity of C, that both v1|S and v2|S are in C|S . But this contradicts the second
item above in the definition of S.

By Claim A.9, we have |A| = |S|, so to prove Theorem 3.4, it suffices to upper bound |S|. For
each S ∈ S, we let r(S) ∈ R denote the unique coefficient associated with S such that S satisfies
the two items in the definition of S with respect to r(S).

Lemma A.10. Fix S1, S2 ∈ S and suppose there are m− 2 distinct sets S3, . . . , Sm ∈ S satisfying
ν(S1 ∩ S2 ∩ Si) ≥ 1− δ for all i ∈ {3, . . . ,m}. Then, m ≤ n.

Proof. Let S1, . . . , Sm ∈ S be sets satisfying the above condition, and for each i, let ri = r(Si) be
the associated coefficient. Let S′ = S1 ∩ S2.

Note that we have
v1|S′ + r1v2|S′ ∈ C and v1|S′ + r2v2|S′ ∈ C.

Since r1 6= r2 by [cite s to coeffs injective lemma], we have that both v1|S′ and v2|S′ are in C|S′ , by
linearity of C. Let v∗1, v∗2 be the codewords that agree with v1, v2 respectively on S′. Using the fact
that ν(S′) ≥ 1− δ and for each i ∈ [2]

(v∗1 + riv
∗
2)|S′ = (v1 + riv2)|S′ ,
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we conclude by the distance of C and the fact that (v1 + riv2)|Si ∈ C|Si , it follows that for each
i ∈ [2],

(v∗1 + riv
∗
2)|Si = (v1 + riv2)|Si .

Now fix some i ∈ {3, . . . ,m} and set S′′ = S′ ∩ Si, so that ν(S′′) ≥ 1− δ. Then, we have that

(v∗1 + riv
∗
2)|S′′ = (v1 + riv2)|S′′ ,

and (v1 + riv2)|Si ∈ C|Si , so by the distance of C and the size of S′′, it must be that

(v∗1 + riv
∗
2)|Si = (v1 + riv2)|Si

actually holds for all i ∈ [m].
Next, for each i ∈ [m], let

Ti := {i ∈ Si | v1(i) 6= v∗1(i) ∧ v2(i) 6= v∗2(i)}
= {i ∈ Si | v1(i) 6= v∗1(i) ∨ v2(i) 6= v∗2(i)},

so that for each i ∈ [2], |Ti| ≥ 1. To conclude, we note that the Ti’s are disjoint. Indeed, suppose
that for some i 6= j, we have x ∈ Ti ∩ Tj . Then,

v1(x) + riv2(x) = v∗1(x) + riv
∗
2(x)

v1(x) + rjv2(x) = v∗1(x) + rjv
∗
2(x),

and ri 6= rj , so, v2(x) = v∗2(x), contradicting x ∈ Tj . Since the Ti’s are disjoint and each has
measure at least one element, we have that m ≤ n, as desired.

Proof of Theorem 3.4. Consider the bipartite graph G = (A,B,E) whose left vertices correspond
to A := S and right vertices correspond to B := [n]. We connect a left vertex S to a right vertex
i if and only if i ∈ S. Note that each left vertex has degree at least βn. We say that S1, S2, S3, i
form a 3-angle if S1, S2, S3 are distinct and all connected to i. Note that the number of 3-angles in
G is equal to ∑

i∈[n]

(
d(i)

3

)
≥ n

(∑
i∈[n] d(i)/n

3

)
≥ n

(
β|S|
3

)
where the inequality is by Jensen’s inequality.

Next, we upper bound the number of 3-angles. By the previous lemma, there are at most n|S|2
triples S1, S2, S3 ∈ S such that ν(S1∩S2∩S3) ≥ 1−δ, and for each such triple, ν(S1∩S2∩S3) ≤ β.
For all other triples, their threewise intersection has measure at most (1 − δ), and hence we can
upper bound the number of 3-angles as(

|S|
3

)
(β3 − ε)n+ |S|2n2β.

Combining the two inequalities gives(
β|S|
3

)
≤
(
|S|
3

)
(β3 − ε) + |S|2nβ.

From here, we can follow the same work as in the Proof of Lemma 3 in [Zei24] to conclude that
|S| ≤ n

ε as desired. We note that η in [Zei24] is set to 1/n for our setting.
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Proofs of Theorem 3.5 and Theorem 3.6. Here, we prove Theorem 3.5 and Theorem 3.6
which are straightforward consequences of mutual correlated agreement.

Proof of Theorem 3.5. The theorem is proved inductively. The base case, where J = 2, follows
from Theorem 3.4.

Now suppose that the theorem statement holds for J functions. We will show that it also holds
for J + 1. Fix v1, . . . , vJ+1 ∈ Kn. By the inductive hypothesis,

Pr
r2,...,rJ∈R

[
ADC,β

(
v1 +

J∑
i=2

rivi

)
6⊆

J⋂
i=1

ADC,β(vi)

]
≤ (J − 1)errpg. (112)

Let the event in the probability above be EJ . We wish to bound,

Pr
r2,...,rJ+1∈R

[
ADC,β

(
v1 +

J+1∑
i=2

rivi

)
6⊆ ∩J+1

i=1 ADC,β(vi)

]
.

For convenience, let the event in the probability above be EJ+1. Then, we have,

Pr
r2,...,rJ+1

[EJ+1] ≤ Pr
r2,...,rJ+1

[EJ+1 | EJ ] + Pr
r2,...,rJ+1

[EJ ] ≤ Pr
r2,...,rJ+1

[EJ+1 | EJ ] + (J − 1)errpg, (113)

where we use (112) in the last transition. After choosing r2, . . . , rJ , let v′ = v1 +
∑J

i=2 rivi.
Then,

Pr
r2,...,rJ+1

[EJ+1 | EJ ] = Pr
rJ+1∈R

[
ADC,β(v

′ + rJ+1vJ+1) 6⊆
J+1⋂
i=1

ADC,β(vi)

∣∣∣∣ EJ
]
.

However, since the probability is conditioned on the event EJ , we have that

ADC,β(v
′) ⊆

J⋂
i=1

ADC,β(vi),

so if S /∈
⋂J+1
i=1 ADC,β(vi), then S /∈ ADC,β(v

′) ∩ ADC,β(vJ+1). Thus the probability above can be
bounded by

Pr
rJ+1∈R

[
∃S ∈ ADC,β(v

′ + rJ+1vJ+1), S /∈
J+1⋂
i=1

ADC,β(vi)

∣∣∣∣ EJ
]

≤ Pr
rJ+1∈R

[
∃S ∈ ADC,β(v

′ + rJ+1vJ+1), S /∈ ADC,β(v
′) ∩ ADC,β(vJ+1)

]
≤ errpg

where the last inequality follows from the assumption that C satisfies MCA up to distance β with
error errpg. Combining the above with (113) completes the proof.

Proof of Theorem 3.6. The theorem follows straightforwardly from Theorem 3.5 by observing that
if there exists u ∈ ListC,β(

∑J
j=1 rjvj) which is not in the set
J∑
j=1

rjuj | (u1, . . . , uJ) ∈ ListCJ ,β(v1, . . . , vJ)

 ,
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then there must exist S ⊆ [n] of fractional-size greater than 1 − β such that u|S = (
∑J

j=1 rjvj)|S
but for every (u1, . . . , uJ) ∈ ListCJ ,β(v1, . . . , vJ) there is some j ∈ [J ] such that uj |S 6= vj |S . Indeed,
if there were (u1, . . . , uJ) ∈ ListCJ ,β(v1, . . . , vJ) such that for all j ∈ [J ] we have uj |S 6= vj |S , then
we would have u|S = (

∑J
j=1 rjuj)|S = (

∑J
j=1 rjvj)|S , which implies u =

∑J
j=1 rjuj because β ≤ δ

and C has distance δ. This is not possible though by the assumption that u is not in the set{∑J
j=1 rjuj | (u1, . . . , uJ) ∈ ListCJ ,β(v1, . . . , vJ)

}
.

This implies that S ∈ ADC,β(
∑J

j=1 rjvj) but S /∈ ∩Jj=1ADC,β(vj), and the theorem follows from
Theorem 3.5.

B Compiling PIOPs for RELUCS into IOPs for RELUCS

This appendix describes the PIOP-to-IOP compiler used in Theorem 5.16. The compiler replaces
each polynomial oracle sent by the PIOP prover with an encoded string oracle, simulates all pro-
jected oracle queries explicitly, and then checks the resulting evaluation claims with IOPPs for pro-
jected multilinear evaluation. The proximity phase is intentionally not batched across constraints:
for every evaluation constraint produced by the simulated PIOP, and for every out-of-domain con-
straint when out-of-domain sampling is enabled, the final phase runs a separate IOPP instance.
These IOPPs are run in parallel, and the soundness analysis below accounts for the resulting mul-
tiplicity by a union bound over all final IOPP instances.

The construction is similar to the compilers of [ACFY24; ACFY25a]. As in those works, when
the proximity parameter is beyond the unique-decoding radius we use out-of-domain samples to
isolate a unique nearby message. In the unique-decoding regime the out-of-domain step may be
omitted.

Branches and projections. Let
B := {0} ∪ [Q].

Branch 0 is the rational branch. For b ∈ [Q], branch b is a finite-field branch with field Fb := Fqb ,
where qb = pκbb . For every branch b ∈ B we fix a degree bound db, a number of multilinear variables
µb, and a split kb,1 + kb,2 = µb.

In each branch, the first-round oracle is a projected polynomial oracle (Definition 5.3): K = Q,
X-degree bound d0, bit-length bound B, ν = µ0 for branch 0; K = Fb, X-degree bound db, ν = µb
for b ∈ [Q]. In Appendix B’s local notation, the primitive element a is fixed by the IOPP setup and
elided from per-query notation: rational-branch queries are written (z, q) and finite-field-branch
queries as z, abbreviating Definition 5.3’s (u, q, a) form.

Structural form of the PIOP. Let R be the source relation. We assume a public-coin PIOP
Πpoly for R with round complexity rdpoly, perfect completeness, and round-by-round knowledge-
soundness errors

εpoly1 , . . . , εpolyrdpoly
.

We assume the PIOP has the following commit-and-prove structure.
In the first prover message, for each branch b ∈ B and each ` ∈ [sb], the prover sends a

polynomial oracle

w̃b,` ∈

{
Q<d0,B[X][x1, . . . , xµ0 ], b = 0,

F<dbb [X][x1, . . . , xµb ], b ∈ [Q],
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and w̃b,` is multilinear in the x-variables. Over the rational branch, the honest prover uses coefficient
bit-size at most B0 ≤ B.

All later prover messages of Πpoly are explicit strings. The PIOP verifier may query only the
first-round polynomial oracles, and all such queries are projected queries of the form described
above. We write T (i)

b,` for an upper bound on the number of projected queries made in PIOP round
i to oracle (b, `).

Codes and IOPPs. For every branch b ∈ B, let Cb be a linear code with generator matrix Mb,
message length 2kb,1 , blocklength nb, and proximity parameter βb. We assume C2

kb,2

b is (Lb, βb)-list
decodable. In the rational branch, the entries of M0 have bit-size at most Bcode. For finite-field
branches, any bit-size parameters appearing in the formal syntax of Definition 6.6 are dummy
parameters and are ignored.

For every projected multilinear evaluation constraint γ on a branch-b oracle, we assume an IOPP
Πγprox,b for the corresponding relation RELPMLE,Q when b = 0, and RELPMLE,Fb

when b ∈ [Q], as in
Definition 6.6. The IOPP proves that the committed encoded oracle is close to a codeword whose
underlying message satisfies the single projected multilinear evaluation constraint γ. Its per-round
RBR knowledge-soundness errors are denoted

εproxb,γ,1, . . . , ε
prox
b,γ,rdprox

.

If all constraints in branch b use a uniform error bound, we write this bound as εproxb,j .

The compiler. The compiled IOP, denoted Compile(Πpoly, {Πprox,b}b∈B), proceeds as follows.

1. Encoded first-round oracle messages. For each branch b ∈ B and each ` ∈ [sb], the
prover sends a string oracle

[[Vb,`]], Vb,` ∈

{
(Q<d0 [X])2

k0,2×n0 , b = 0,

(F<dbb [X])2
kb,2×nb , b ∈ [Q].

The oracle is intended to be the interleaved encoding Vb,` = Wb,`M
>
b , where the matrix Wb,`

represents the coefficient table of the multilinear polynomial w̃b,`.

2. Optional out-of-domain challenge. If βb is within the unique-decoding radius for every
branch used in the protocol, this step is skipped. Otherwise the verifier samples one out-of-
domain point per branch. For every finite-field branch b ∈ [Q], it samples

rb ←Rµbb

from a finite exceptional challenge set Rb ⊆ Fb (or from the chosen extension field used by
the branch). For the rational branch, it samples

r0 ← [2K ]µ0 , mood ← P,

where P is a finite set of primes satisfying m > max{2K , 2B0} for every m ∈ P. The
projected rational point is r̄0 := ϕmood

(r0) ∈ Fµ0mood . The verifier sends (r0,mood, r1, . . . , rQ)
to the prover.
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3. Optional out-of-domain answers. If the previous step was skipped, set all out-of-domain
constraint sets below to empty. Otherwise, for every rational-branch oracle ` ∈ [s0], the
prover sends

αood
0,` ∈ Fmood

,

intended to equal ψmood
(w̃0,`)(r̄0). Record

Γood
0,` := {(r̄0, αood

0,` ,mood)}.

For every finite-field branch b ∈ [Q] and every ` ∈ [sb], the prover sends

αood
b,` ∈ Fb,

intended to equal ψb(w̃b,`)(rb). Record

Γood
b,` := {(rb, αood

b,` )}.

4. Simulation of the PIOP. The verifier now simulates Πpoly. Whenever the simulated PIOP
verifier queries a first-round oracle, the compiled verifier asks the prover for the projected
query answer and records the resulting evaluation constraint. Concretely, in PIOP round i,
for a rational-branch query (zt, qt) to oracle (0, `), the prover returns αt ∈ Fqt and the verifier
records

(zt, αt, qt) ∈ Γ
(i)
0,`.

For a finite-field query zt to oracle (b, `), b ∈ [Q], the prover returns αt ∈ Fb and the verifier
records

(zt, αt) ∈ Γ
(i)
b,`.

The answers αt are supplied to the simulated PIOP verifier, and the explicit prover and
verifier messages of Πpoly are otherwise simulated unchanged. If the simulated verifier rejects,
the compiled verifier records this rejection and will reject at the end.
For every branch and oracle, define the full set of projected evaluation constraints

Γb,` := Γood
b,` ∪

rdpoly⋃
i=2

Γ
(i)
b,`.

5. Parallel per-constraint IOPPs. For every branch b ∈ B, every ` ∈ [sb], and every γ ∈ Γb,`,
the parties run one independent IOPP instance Πγprox,b on the input oracle [[Vb,`]]. Equiv-
alently, all these IOPPs are run in parallel. The honest prover uses the same underlying
message matrix Wb,` for every IOPP attached to Vb,`; each instance checks one constraint γ
on that matrix.
In the rational branch, for γ = (z, α, q), the IOPP index is the corresponding instance of
RELPMLE,Q from Definition 6.6,

(M0, Bcode, n0, 2
k0,1 , 2k0,2 , d0, B, β0, (z, α, q)).

In a finite-field branch b ∈ [Q], for γ = (z, α), the IOPP index is the corresponding instance
of RELPMLE,Fb

from Definition 6.6,

(Mb, Bcode,b, nb, 2
kb,1 , 2kb,2 , db, Bb, βb, (z, α, qb)),

where the bit-size parameters are ignored in the finite-field case.
The compiled verifier accepts if and only if the simulated PIOP verifier accepts and every
final IOPP instance accepts.
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Remark B.1 (Unique-decoding regime). If the proximity parameters are within the unique-
decoding radius, the out-of-domain challenge and answer steps can be omitted. In that case Γood

b,` = ∅
for all b, `, and the out-of-domain error term below is 0.

Theorem B.2 (PIOP-to-IOP compilation). Let R be an instance-witness relation. Let {Kq}q∈[Q]

be a collection of fields, and let the branch q = 0 denote the rational branch over Q. For each
q ∈ {0} ∪ [Q], let Rq be a challenge set, where R0 = [2K ] for some K ∈ N, and where for q ∈ [Q]
the set Rq is a subset of Kq or of an extension field of Kq.

Suppose we have the following ingredients.

• PIOP. A PIOP ΠPoly for R satisfying the structural characteristics described above, with the
following guarantees:

– Round complexity: rdp.
– Round-by-round knowledge soundness:(

εpoly1 , . . . , εpolyrdp

)
.

– Completeness: If (i,x,w) ∈ R, there exists an honest prover who makes the verifier
accept with probability 1. Moreover, over the rational branch, the honest prover sends
only oracles corresponding to multilinear extensions of vectors in Q<d0,B0 [X], where B0

is a bit-size bound.

• Error-correcting codes. For each q ∈ [Q], let kq,1, kq,2 ∈ N satisfy kq,1 + kq,2 = µq. We
assume there is an error-correcting code over Kq with message length 2kq,1 and blocklength
nq, which is (Lq, βq)-list decodable.
For the rational branch, let k0,1, k0,2 ∈ N satisfy k0,1 + k0,2 = µ0. We assume there is an
error-correcting code over Q with message length 2k0,1 and blocklength n0, which is (L0, β0)-
list decodable and has a generator matrix with entries of bit-size at most Bcode.

• IOPPs with projected multilinear evaluation constraints. For each individual pro-
jected multilinear evaluation constraint, we assume the existence of a corresponding IOPP.

– Over Q. For any projected multilinear evaluation constraint (z, α, q′), where q′ is a
prime power, z ∈ Fµ0q′ is an evaluation point, and α ∈ Fq′ is an evaluation target, we
assume that there is an IOPP Πprox,0 for RELPMLE,Q with index

i =
(
M0, Bcode, n0, 2

k0,1 , 2k0,2 , d0, B, β0, (z, α, q
′)
)
.

– Over Kq. For any projected multilinear evaluation constraint (z, α), where z ∈ Kµq
q is

an evaluation point and α ∈ Kq is an evaluation target, we assume that there is an IOPP
Πprox,q for RELPMLE,Kq with index

i =
(
Mq, nq, 2

kq,1 , 2kq,2 , dq, βq, (z, α)
)
.

We assume that each such IOPP has the following guarantees:

– Round complexity: rdprox.
– Completeness:
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∗ Over Q, perfect completeness holds for valid witnesses over Q<d0,B0 [X], where B0 ≤
B.

∗ Over Kq, perfect completeness holds for all valid witnesses.
– Round-by-round knowledge soundness. For an IOPP instance corresponding to branch
q, oracle `, and constraint γ, write its errors as(

εproxq,`,γ,1, . . . , ε
prox
q,`,γ,rdprox

)
.

Let Γq,` denote the set of projected multilinear evaluation constraints recorded by the compiled
verifier for the `-th first-round oracle in branch q. Namely,

Γq,` := Γood
q,` ∪

rdp⋃
i=2

Γ
(i)
q,`,

where Γood
q,` is empty when the out-of-domain step is omitted. Let

Nq,` := |Γq,`| = |Γood
q,` |+

rdp∑
i=2

|Γ(i)
q,`|.

The compiled protocol runs one independent IOPP instance for every q ∈ {0} ∪ [Q], every
` ∈ [sq], and every γ ∈ Γq,`. All these IOPP instances are run in parallel.

Then there is an IOP for R with the following guarantees.

• Round complexity:
1 + rdp + rdprox.

If the out-of-domain step is omitted, the first round is omitted as well.

• Completeness: If (i,x,w) ∈ R, then there exists an honest prover who makes the verifier
accept with probability 1.

• Round-by-round knowledge soundness:(
εood, ε

poly
1 , . . . , εpolyrdp

, εprox,par1 , . . . , εprox,parrdprox

)
,

where the first entry is omitted when the out-of-domain step is omitted, and where, for every
IOPP round j ∈ [rdprox],

εprox,parj := max
q∈{0}∪[Q], `∈[sq ], γ∈Γq,`

εproxq,`,γ,j .

The out-of-domain error is

εood = χood

s0L2
0

(
εP +

µ0
2K

)
+

Q∑
q=1

sqL
2
q

µq
|Rq|

 ,

where χood = 1 if the out-of-domain step is used and χood = 0 otherwise. Here εP denotes the
rational-branch random-prime collision error, i.e. the probability over the choice of the out-of-
domain prime m ← P that two distinct rational-branch list candidates become identical after re-
duction modulo m. In particular, the prime set P is chosen so that every m ∈ P is larger than 2K

and satisfies the rational-branch IOPP hypotheses.
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Proof. The protocol is the compiler described above. The round-complexity claim is immediate
from the fact that the out-of-domain challenge, the simulated PIOP, and the parallel IOPPs are
run sequentially, while all IOPPs in the final phase are run in parallel.

Completeness follows directly. If (i, x;w) ∈ R, the honest compiled prover encodes each first-
round polynomial oracle that the honest Πpoly prover would have sent. It answers all out-of-
domain and simulated PIOP queries with the corresponding projected multilinear evaluations. The
simulated PIOP verifier accepts by completeness of Πpoly. For every recorded constraint γ ∈ Γb,`,
the same underlying message Wb,` is a valid witness for the corresponding RELPMLE instance, so
every IOPP accepts by its perfect completeness.

It remains to prove round-by-round knowledge soundness. We use the knowledge-state for-
mulation of Definition 3.9 and the auxiliary witness-slot convention of Remark 3.10. The global
knowledge witness contains: a candidate witness for the simulated PIOP, a candidate matrix Wb,`

for every encoded first-round oracle, and the auxiliary knowledge-state witnesses used internally by
the final IOPP instances.

For an encoded oracle Vb,`, define its proximity list

Λb,`(Vb,`) := {W : dist(WM>b , Vb,`) ≤ βb},

with the additional coefficient bit-size condition in the rational branch. By the list-decoding hy-
pothesis, every such list has size at most Lb.

Out-of-domain round. The out-of-domain knowledge state is live exactly when, for every
branch b ∈ B and oracle ` ∈ [sb], no two distinct elements of Λb,`(Vb,`) have the same projected mul-
tilinear evaluation at the sampled out-of-domain point. If this uniqueness condition fails, the state
is permanently doomed. The extractor at this round is the identity on the candidate knowledge
witness.

For a finite-field branch b ∈ [Q], fix one oracle ` and two distinct candidates W1,W2 ∈ Λb,`.
Their projected multilinear extensions differ by a nonzero multilinear polynomial in µb variables, so
the Schwartz–Zippel bound over the exceptional set Rb gives collision probability at most µb/|Rb|.
Union bounding over at most L2

b pairs and over the sb oracles gives the finite-field contribution

sbL
2
b

µb
|Rb|

.

For the rational branch, fix one oracle ` and two distinct rational candidates. With probability at
most εP over m← P, they become identical after coefficient-wise reduction modulo m. Conditioned
on not becoming identical modulo m, their difference is a nonzero multilinear polynomial over Fm.
Since every m ∈ P is larger than 2K , the map [2K ] ↪→ Fm is injective, and Schwartz–Zippel gives
collision probability at most µ0/2K over r0 ← [2K ]µ0 . Union bounding over at most L2

0 pairs and
over s0 rational oracles gives the rational contribution in εood. This proves the stated out-of-domain
RBR error.

Simulated PIOP rounds. After the out-of-domain state is live, each proximity list contains
at most one candidate compatible with the out-of-domain constraint. Adding recorded query
constraints can only shrink this compatible list. Therefore, for every branch and oracle, the compiled
verifier has a uniquely determined candidate Wb,` whenever the state remains live.

Given these unique candidates, the compiled transcript determines a genuine transcript of Πpoly:
the first-round polynomial oracles are the multilinear extensions represented by the matrices Wb,`,
and the recorded answers are exactly their projected evaluations. The compiled knowledge state
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during PIOP round i is live if and only if the corresponding knowledge state of Πpoly is live on
this induced transcript. The extractor invokes the extractor of Πpoly on the induced transcript and
keeps the candidate matrices Wb,` unchanged. Hence any doomed-to-live transition in the compiled
protocol during a simulated PIOP round induces a doomed-to-live transition in Πpoly, and the error
is at most εpolyi .

Entry into the final IOPP phase. At the end of the simulated PIOP, the state is live only if
the simulated PIOP verifier has not rejected and the unique candidate Wb,` for each encoded oracle
satisfies every recorded projected evaluation constraint in Γb,`. If either the simulated verifier
rejects, or some recorded constraint is not satisfied by the unique candidate, then at least one final
IOPP instance has a false source statement. Since the final knowledge state is the conjunction of
the knowledge states of all final IOPP instances, the global state is then doomed at the start of the
final phase and the round-by-round soundness of the remainder of the protocol follows.

Remark B.3 (Fiat–Shamir compilation). The compiled protocol is a public-coin IOP. Although
some messages encode rational or polynomial-ring elements, after the degree bounds, bit-size
bounds, and field parameters are fixed, every message is represented over a finite alphabet: ratio-
nal coefficients are encoded as bounded integer numerator and denominator data, and finite-field
elements are encoded in the usual finite alphabet. Thus the BCS/Fiat–Shamir compilation results
used in Section 3.3.2 apply to this setting, not only to IOPs whose messages are finite field ele-
ments. Applying the transformation to the IOP of Theorem 5.17 yields a non-interactive argument
of knowledge in the random oracle model with error bounded by the sum of the per-round RBR
errors above.
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